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Examples of a Pointwise Convergence of Semigroups**

ABSTRACT. This article is a continuation of the paper [2]. It con-
tains further examples of families of semigroups approximating semi-

groups strongly continuous only on a subspace of the original Banach
space.

1. Introduction - the theorem of Trotter and Kato. Let
{Te(t),t > 0},0 < € < 1, be a family of strongly continuous semi-
groups acting in a Banach space L and let us assume that there exists
a positive constant M such that ||T()||c(z,2) < M. The following

theorem establishes relation between convergence of the semigroups
and resolvents of their generators.

Theorem 1 (Trotter - Kato). The limit

(L) lim T.(t)f
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exists almost uniformly in [0,00) for all f € L iff there exists A > 0
such that the following two conditions hold simultaneously

(a) lirrtl) Rx(A¢)f exists for all f € L,

(b) theset {g:3f,g =lim.q R\(Ac)f} is dense in L,
where R (A.) = (A — A¢)™?! is the resolvent of the infinitesimal gen-
erator A, of the semigroup {T(t),t >0},0<e< 1.

A natural question arises of what can be said if the condition (b)
is removed. The following theorem that is similar to that presented
in [6; p.80, Th. 3.17] gives an answer to this question.

Theorem 2. Let, as before, {T.(t),t > 0}, 0 < € < 1, be a family of
equibounded semigroups. If the condition (a) of the previous theorem
is satisfied then the convergence (1.1) takes place for all f € Lo, where
Ly is the closure of the set {g : 3f,g = lim¢—o RA(A4¢)f}-

Obviously, (1.1) can be applied to define the semigroup {7p(t),
t > 0} of bounded operators acting in Lo.

The above theorem can be easily proved by using well known argu-
ments, for example those presented in {10], [13], [15]. In what follows,
however, we would like to present the proof that exhibits the rela-
tionship with the Ray version of the Hille - Yosida theorem. This
idea is due to J.Kisynski.

Let us first recall necessary definitions:

Definition 1. Let E be a Banach space. A map Rt 3 A\ - Ry €
L(E,E) from R*' into an algebra of bounded operators L(E, E),
which satisfies the Hilbert equation

Rx—R,=(p—-MNR\R,, forall pAeR',

is called a resolvent. Moreover, if the operators AR are contractions
ie. |ARA|lc(E,E) < 1 then it is called contraction resolvent.

Let us note that, by the Hilbert equation, the set Range (R,) is
independent of .

Definition 2. The regularity space of the contraction resolvent (Ry)
is the subspace R = {f € E: limyx—oc ARsf = f}.
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The condition limy—o ||Ra|| = 0 together with the Hilbert equa-
tion implies that for f € E,A\,u >0

,\li_.n;o AR\R, f = Alim ((A=p)RaRyuf + pRAR, f)
= Alifrgo(Rxlf —Ryf + pRAR,f) = R.f.

This means that R,E C R and that R is an invariant set for the
operators R,, u > 0. Furthermore it is easy to see that Definition 2
implies R C cl (Range(R»)). Thus R = cl(Range(R))).

The following is a generalization of the Hille-Yosida-type theorem
Presented in [7; p.311]. Although it is a very simple proposition, it
turns out to be a useful tool in dealing with the problem of conver-
gence of semigroups.

Theorem 3. For any contraction resolvent (Rx)y>o in a Banach
space E there exists the unique strongly continuous contraction semi-
group {S(t): t > 0} acting in a regularity space R such that

RAf=/ e MS(t)fdt forevery A>0, f€R.
0

Proof. The mapping R* 5 A - R, = (Rx)g from R* to L(R, R)
is a regular contraction resolvent in R, ie, limy_. AR\ f = f for all
f € R. Thus, in order to complete the proof it is enough to apply
the theorem presented in [7; p.311], which states that every regular

contraction resolvent in a Banach space is the Laplace transform of
a unique contraction semigroup. =

Proof of Theorem 2. Let (€n)n>1 be a sequence of positive numbers
and let lim, .o €, = 0. Let us define the Banach space £ = {(fn)n>1:
fn € L,(fn)n>1is convergent}, with the norm N(fr)n21lll

= sup,>, || fn|l. Let us note that the Hilbert equation implies that, if
the condition (a) is satisfied for one chosen ), then it holds for any

A > 0, too. Thus, if the condition (a) of Theorem 1 is satisfied, then
the formula

A= Ra[(fa)nz1] = (Ra(Acn ) fr)n>
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defines a resolvent in the space £. Let us define another norm in this
space, by setting

Yk f supunn(t)fnn) |
n>1 \t>0

Since the semigroups {Te(t),t > 0}, 0 < € < 1, are equibounded, the
norms || - ||., ||| - ||| are equivalent:

(fr)n21lll < [I(fa)n2alle < sup (M| fall) = MIli(fn)n21 ]

Furthermore, the map A — R is a contraction resolvent:

AR [(fa)n2a] lls = [ (ARA(Aen) fr) s s

g (sup I (ONRA (A ful)
/

n>1

=sup(sup|]T t)z\/u c""’T‘n(s)f,,dsH)

n>1 \(t>0
o0
= sup | sup||/\/ e MT. (s + t}f,.ds”)
n>1 \t>0 0
/ oo
< sup | sup||T (t)fn||A/ e_‘\’ds)
n>1 \t>0
= [[(fa)n21ls-
Let usset Lo = cl{g : 3f,9 = lim.—o Rxr(A¢)f}. The closure of the
set Range(R) (in the norm ||| - |||, and thus in the norm || - ||.,) is

equal to
{(fa)n21: 3f € Lo, lim fo = f}.

By Theorem 3, there exists the unique semigroup {S(¢t) : t > 0}
acting in this subspace, such that

R [(fa)nz1] = /0 " NS (1) [(fa)uza] d

for all (fa)n>1 € {(fn)n>1: 3f € Lo,limp—oo fn = f}. By using the
very definition of Ry and the invertibility of the Laplace transform
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for continuous functions one can easily prove that S(t)[(fn)a>1] =
(Te.(t)fn)n>1. Thus, in particular, for any f € Lo the sequence
(Te.(t)f)n>1 is convergent. Since the semigroup {S(t) : t > 0} is

strongly continuous, convergence is almost uniform and the theorem
is proved. m

Another interesting question arises of what can be said of conver-
gence for f ¢ L,. In the paper [2] suitable examples were presented
showing that in general the limit in (1.1) may not exist in a strong or
even in a weak topology. However, it was proved by T.G.Kurtz [15;
Prop.(2-22), p.29], that the limit lim,_ fot T.(s)fds does exist for all
f € L. An explanation of this phenomenon, based on the theory of
so-called "integrated semigroups” (see [1]), may be found in [3].

On the other hand, let us note that if (a) holds, the condition
f € Lo is necessary and sufficient for the convergence in (1.1) to
be almost uniform in [0, 00) and, as it turns out, it may happen that
(1.1) holds even for f ¢ Ly, the convergence being only pointwise. An
equivalent setting is that the Trotter-Kato theorem concerns strongly
continuous semigroups, yet it may happen that strongly continuous
semigroups approximate (in the sense of (1.1)) a semigroup that is
strongly continuous only on a certain subspace of the original Banach
space.

Examples of such a behaviour of semigroups were presented in [2].
To exhibit further ones is the aim of this article.

2. Diffusion equation. As noted by J.Kisynski there is a simple
case, when the convergence of semigroups is implied by the conver-
gence of their resolvents, even while the set {f : f = lim_o R{g,9 €
L} is not dense in L. This is the case when the semigroups are "uni-
formly analytic”. (For the definition of the analytic semigroup see

for example [12; p.488]). Namely, the following theorem was proved
in [2].

Theorem 4. Let L be a complex Banach space and {T.(t),t >
0},0 < e < 1, be strongly continuous equibounded semigroups,
(ITe()l < M). Let us suppose that the resolvent set of the cor-
responding infinitesimal generators contains not only the half plane
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Re) > 0 but also a sector |arg A\| < 7 + w, where w > 0 and for any
6 >0,

(2.1) IRM(ADI < T for A< T+ =,

with w independent of ¢, and M; independent of \. If, for all A such
that |argA\| < 7 +w, and f € L,

(2.2) the limit Alim Ry(Ac)f exists,

then there exists a semigroup {Tp(t) : t > 0} such that

(2.3) lim T,(¢)f = To(t)f, for all f € L;t > 0.

Furthermore, To(t) € L(Lo, Lo) and {To(t)|z, : t > 0} is a strongly
continuous semigroup, where Ly = cl{f € L: f = lim.—¢ Rx(4¢)g,
for some g € L}. (Note that lim,_.o To(t)f may not exist for f & Ly.)

As an application of this theorem let us consider the following
corollary. A similar example was presented in [2], but the calculations
we present here are slightly more complicated. This example was also
suggested by J.Kisynski.

Corollary 1. Let L = C|, ) be the space of all continuous functions
f : [a,b] — C (a,b are given numbers). For any non-negative numbers
i, v let us define an operator A,, by

D(Auy) = {f € Clay: f(a) — uf'(a) =0, f(b) + v f'(b) = 0}
_1df
Appltl = EE

The operators A, , are infinitesimal generators of semigroups of lin-
ear operators {T, ,(t),t > 0} acting in L. The semigroup {Tyo(t) :
t > 0} is strongly continuous only on the subspace Ly = {f € L :
f(a) = f(b) = 0}, while the semigroups {T, ,(t),t > 0}, p,v > 0, are
strongly continuous on L. Furthermore, fort > 0, f € L,

#IEE‘_O Tuo(t)f = Toe(t)f.
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Proof. The fact that the sets D(A,,), p,v > 0, are dense in L can
be proved in a similar way as in Proposition 2 in [2] (se.e [4], Propo-
sition 2). We will prove that desired estimates concerning resolvent

operators hold. To this end the resolvent operator will be expressed
in the form

/ e~ V2Alz-yl g*(y)dy

775 S

(2.4) Ra(Aup)g(z) =

where the function g* is such that sup, ¢y |9*(z)| = ||9]|z (¢* depenc!s

on p,v but the subscript will be omitted in what follows). This
formula will enable us to conclude that for A > 0 and g,v > 0

1 X vl . _ gl

R A; v < — y d su T) = —,

IRACA,, )yll_v”/_ e yzeglg( ) =5

which, by the Hille - Yosida theorem, proves that the operators Ay.v,s

p,v > 0, are generators of contraction semigroups. Furthermore, we
have, for |arg \| < 7 — §,

1 1 1
Ri( < = =
IRa(4e)ll < |\/2/\| Rev2)\ ~ |A|cos(% — & |A|'sin £

the last inequality following from Rl‘f/‘/—_l > cos(§ %) Thus, (2.1)

will be proved with M; = 1/ sm , and, by Theorem 4, to complete
the proof it will remain to _]ustlfy (2 2).
Let us then prove (2.4).

To solve the resolvent equation for the operator A, , let us note
that the general solution to

M(z) ~ 3 f"(2) = gla), for 7 € (o]
where arg A\ # 7, may be written in the form
(@) = for(z) + Cre™VB" 4 CreV

where fyA(z) = —= f: e=V23z-4lg(y)dy. The boundary conditions
fla) = pf'(a) =0, f(b) + vf'(b) = 0 lead to the system of equations
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which enables us to calculate constants Cy,C,. We have namely,
Cre~V2 4 CreVPre 4 §, \(a)
—;z\/_( Cie™VPe | CreVe 4§ 5(a ))
Cre™VP 4 CreVPM 4 £, 5(b)
= ghon ( Cre~V2% | CreV® _ 5 ,\(b))

where we use ! \(a) = V2Xfy,(a), £ \(b) = —V2Afg(b). Thus
Cre~VP(1 4 uV2X) + CreV22%(1 — V21
= (1V/2X - 1)fya(a),
Cie™VPM(1 — »V2X) + C2eV?¥(1 + vV2))
= (vV2X = 1)f, A(b),
or, which is the same,
— H(pV/2X)e?VPac, = H(u\/_)fgx(a)e‘/_“
—H(u\/2/\)e_2‘/_ bCy + Cy = H(wV2X)f, a(b)e™
where H(z) = (z — 1)/(z + 1). Consequently,
fer(@)H(pv2X)eV2Ae 4 £ 5\ (B)H(uV2X) H(vV/2X)e VA (2a-H)

o 1 — H(pV2N)H(vv/2X)e~2V23(-a) *

Co — Farx(BYH(rV2X)e=VA 4 £\ (a)H(pv/2X)H(vy/2X)e V2N (a-2b)
e 1 — H(uVeNH(r/2N)e-2VIAG-a) ’

and

(2.5)

Ra(Au)9(z) = foa(z)
+ foa(a) H(ﬂ\/z_/\)em(a—z) -{;H(;t\/2_/\_)H(V\/2_—,\)e\/2_z\(a—2b+z)
. 1 — H(pV2)\)H(vV/2))e—2V2A(5-a)
H(V\/ﬁ)e‘x/ﬁ(b—z) +H(u\/'2_/\)H(V\/2_)\)e\/2_,\(2a—b—z)
- H(#\/Q_/\)H(u\/2—,\)e—2\/ﬁ(b-a) .

]

+fg,z\(b)
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This formula may be rewritten in a form which is more convenient
for our purposes. In order to do this let us set

~

§= {g(:c), for r € [a,b), ; [g(b+a—z), forz € [a,b),
0, for z ¢ [a,b), p 1 0, for z ¢ [a,b).

Observe that, by the definition of f, x, for natural k and for z € [a, b]

fg.,\(a)e_‘/z_x(z—a)e—2k\/2_A(b—a)

/ —V2X{la—y|+(z—a)+2k(b—a)} a(y )dy

\/2,\
—V2X|y+z—-2a+2k(b—a)| d
= = / o(y)dy
1 (% —VElz-y+@k41)(b-a)l]
= — z— O h(y)d
Wi J_ (y)dy
1
= e~VXz=3lh(y 4 (2k + 1)(b — a))dy.
V2A Joo

As easily seen, H maps the imaginary axis onto the unit circle and
the right half-plane onto the open unit ball. Since

|H(uV2X)H(vV2X)e~2V2A0-9)| < 1,
then

H(uv/2X)eV2A(z=a)
T H(#\/ﬁ)H(u\/ﬁ)e—zs/ﬁ(b-a)

= Huw/2) Y [H(u/2) H(v/2))| P O e COY AN
k=0 -

foa(a)

OO
L / e"\/2_z\|z:—y|

" VoA o
x H(/2) Y [H(u/ZNHVEN)| by + (2% + 1)(b - @)dy.
k=0
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Analogously one can prove that

for(b)e”VPAG-a) H(11/32))
1 — H(uV2\)H(vv2X)e~2V2A(b=a)
— ._L o 6—\/-2_’\|z_y|

VoA Joo

x H(vV2)) i [H(p\/ﬁ)H(u\/ﬁ)] ' h(y — (2k + 1)(b — a))dy,
k=0 i

and

f y,A(b)H (V2N H (vv/2X)eVPM2a—b=z)
(u\/_)H(ux/z_,\)e-NEX(b-a)
fg,A(a)H(#\/_)H(u\/_)e X(a—2b+1)
1 — H(pvV2X)H(vV/2)X)e—2V2A(b=a)

= —foulz) + _/ e~ V2Alz-y|

x{ Z [H ,u\/2/\ H(u\/_)] G(y + 2k(b —a))dy

\k——oo

Thus (2.4) holds with

#@)= Y [HEVHV)] iy + 2k - )

k=—00
+ HwV2)) \i [H(u\/— H(V\/2/\)l h(y = (2k + 1)(b — a))
k=0
+ H(uV2)) f: " (u\/ﬁ)H(u\/ﬁ)j h(y + (2k + 1)(b — a)).

~
I
o

(cf. [9; p.453, (5.16), (5.17)].)

This result is in accordance with the Lord Kelvin’s method of
images. Indeed, the function ¢* is a result of succesive approximations
by repeated reflections of the function g at the points a and b. Note
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that while W.Feller considered (see [9; pp. 328-331]) odd (and even)
extensions of the function g, in our case the left-hand side of the
even extension has to be multilplied, while reflecting at the point a,
by H(uv/2X), and the right-hand side of it is to be multiplied, while
reflecting at b, by H(vv/2)) - compare [2; (2.26)]. (When € = 0 this

1s an odd extension, when € = oo the extension is even.)

By using this remark, or by noting that the functions appearing
as coefficients in the definition of the function ¢* have pairwise dis-
Joint supports, we see that sup,cp |9*(z)| = sup; ¢[a,4 [9(2)], since

|H(pv2X)| < 1 and |H(vv/2))| < 1. Consequently, by the remarks
made at the beginning of the proof, the operators A,, g,v > 0
are proved to be infinitesimal generators of strongly continuous semi-
groups {T}, ,(t),t > 0} acting in L, and, furthermore, the semigroups
are "uniformly analytic”.

Finally, since lim,_.o H(uv2)) = lim,_o H(vv2X) = H(0), by
(2.5), lim, ,_.o Rx(A,,)g = R(Ao,0)9, Theorem 4 applies, and the
corollary is proved. n

3. Kolmogorov backward equation for the Poisson - Kac pro-
cess. Yet another example we are going to present now is provided,
once again, by the theory of stochastic processes. The Kolmogorov

backward equation for the stochastic process (%f (1), (—1);\%{”) >0

will be considered, where, for a > 0, N,(t) is a homogeneous Poisson
process and &,(t) = f (—=1)Ne(®)ds, A proof will be given that the
coresponding semigroups converge, as ¢ — Oeven though Ly # L. As
shown e.g. in [14], the solutions to the telegraph equation may be
obtained from the solutions of this Kolmogorov equation and the re-
sult presented below is parallel to that obtained in [2]. On the other
hand, however, as a very example of convergence of semigroups it
seems still to be worth considering here.

Let C(—x +o) be the space of all real-valued uniformly continu-

ous bounded functions, and let C 00,4 00) be the subset which con-

sists of all n-times continuously dlfferentlable functions u with u{™) ¢
C(~c0,450)- For € > 0 define an operator A, actingin L = C(_ . 4o0) X
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1 (£ 0 1 £i=1 a4
Ac=—| - )
| \/E(O —%)+2e(1 -1
D(A‘) = C{l—oo.+oo) X C(l—oo,+oo)'
The operator A, was proven to generate the semigroup of bounded

operators {T¢(t),t > 0} acting in L and given by the formula (see [14;
Lemma 1}):

(3.1)
(1) (“) (=)
'/Eln x 1 (U@ + ZEL () + Ely v(e - 262 (1)
\ Elo-x, (2 = 762 (1) + Ely, ou(e + €4 (1))

(where x,(t) = {w : Nq(t) = 1,3,5,...} ). Simple calculations show
that the resolvent operator of A, is

C(—oo,+oo) by

-1
R (A)(u) ((A%-i—z\ d—v;) (35§3+e/\tr)+\/EK)‘z(+,\v\
A € == -1 ) B
Ay \(/\26+/\ d—d—g) (%’—"-i—e/\u) +\/6K>‘zf+,\u/

where A > 0, K, € L (C(_oo,+°°),C(_°°,+oo)), a > 0, is a bounded
operator defined by

1 ® 1 z
vz = 56‘/31/ e_‘/ayv(y)dy = ae—‘/a’/ e‘/ayv(y)dy,
o e =

)

and the operator 3‘% acts as follows SO st C'( A LR
C(=co,4+00)- Indeed, note that if u,v € C T i) then

RA(AC)(flj) P (()\2€+)\_ d’ )_ (% +e/\v+\/zv’)> .

1
(Ve+A— ) (32 +exu+ veu)

and, on the other hand, for a > 0,

(a = i)_l v'(z) = el iy e~ Velv=zly!(y)dy = K,v(z).

dz?
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Since ”I{a”l‘(C(—m,-f-o-:\)-C(—oo.-O’oo)) < 1/4/a it is readily seen that

u o [ U S -1“2"
P_I.%R'\(Ae)(v) =R’\(l!> = (EA—dd:i“lu_.l._y).

2

Since the closure of the range of the operator R} is equal to Ly =

u
{(v) Sl o w= v} condition (b) in Theorem 1 is certainly not
satisfied.

On the subspace Ly the operator R, is equal to the resolvent of the

operator Ay : Ly D D(Ag) — Lo, D(Ap) = {(:) S C(2—oo.+00)} ’

d2
0
Aoz("_”f dz)
0 =

which is the infinitesimal generator of the semigroup

w0 (1) = (20) - omto= g7z [t

Thus, Theorem 2 applies and

lim T(t) (Z) = To(t) (2)

For another simple proof of this fact see [8; p.471].

As proved below, convergence takes place for u # v as well. Indeed,
let us define the Borel measures ;zj:,, Jige as in (2; §3.3]

uf:e(B) = Prob (L,_Ez;(t) € BlX%U)) )
Ve * ;

He.e(B) = Prob (\/i;fg;(‘) € BIQ - X,l:(t)) :
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Since Prob(xa(t)) = Prob(N,(t) =1,3,5,..) = e *'sh(at) and
Prob(Q — xa(t)) = Prob(N,(t) = 0,2,4,..) = e~%'ch(at), then the
formula (3.1) may be rewritten as

T(t)< )(1‘)

_ e'fe‘chz Jpu(z + v)ug (dy) + e"‘fish;—‘ Jro(@ - y)u;te(dy)\.
\ e~ %chy [po(z — vz (dy) + e 3shy [pu(z +y)uf (dy) )/

In [2; (3.4), (3.5)] it was proved that the characteristic functions

¢7(u) and ®1,e(u) of the measures Hi o> pre satisfy limeo o7 e(u) =

lime—o ¢ (u) = e=*"t, In order to obtain this relations, the results
of [19; p.9] may be also applied. Consequently, since

‘ ST 1 . e 1 i
lime 2ch— = lime™ %ssh— = —,
e—0 2¢  e—0 2¢ 2

we have

llmT(t)(u 273-[— *:[U(-+y)+v(-+y)]dy
(3.2) v) Lt [0 e u(- 4 v) + o+ y)dy

Tt)ﬁ‘i-"-)
(r(ek

Remark 1. Note that the formula (3.2) provides a simple way of
constructing semigroups that are strongly continuous only on a sub-
space of a Banach space. In fact if a strongly continuous semigroup
{T(t): t > 0} acting in a Banach space L is given, then the formula

/T(t)—'t
(0, / \7(¢ )—t")

defines the semigroup of linear operators in L x L. The simple proof
that the semigroup is strongly continuous only on the subspace Ly =

{(u) 2 u=v} is omitted.
v

_\
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4. An example originating from the ergodic theory. The
importance of the following, simple example lies in the fact that,
while the convergence of all the semigroups we have considered above
seems to be closely connected to the continuity theorem, the case we
will deal with now has nothing to do with that.

Let us give some preparatory definitions. Let (X, ) be a measure
space, and L be the space of all real-valued integrable functions f
defined on X, with the norm ||f|| = Jx |fldp. Let us define the set D
of densitiesas D = {f € L: f > 0,||f|| = 1}. The linear operator
P is called a Markov operator iff PD C D. Note that any Markov
operator is bounded and the inequality |Pf|| < ||f|| holds for all
f € L (see [17; p.33)).

A semigroup {P(t),t > 0} is called a stochastic semigroup iff
all the operators P(t),t > 0 are Markov. A stochastic semigroup
{P(t),t > 0} is called asymptotically stable [16-18] iff there exists a
unique density f, such that for all f € D

lim P(t)f = f..

Now, let us suppose that {P(t),t > 0} is asymptotically stable
semigroup, and define the semigroups {P.(t),t > 0}, 1 > ¢ > 0, by
setting P(t) = P(1t).

Of course, for f € L,t > 0,

(4.1) 32}(1] P(t)f = lim P(s)f = (/ fdﬂ\ fe.

S—+00

Thus

lim Rx(A¢)f = lim A - e MP,(t)fdt = (% /\ , fdn) fe.

Since in the non-trivial cases, such as the Chandrasekhar-Miinch
equation (4], [16]-[18], the linear space Ly generated by f, is not dense
in L, the condition (a) in Theorem 1 is satisfied while (b) is not. On
the other hand, (4.1) proves that the semigroups {P.(t) : t > 0},
1 > € > 0, converge for all f € L. The convergence is pointwise and

the limiting semigroup is strongly continuous only on one-dimensional
space Ly.
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5. The Yosida approximation of a sectorial operator. An
operator A : D(A) — L acting in a complex Banach space L is
called sectorial ([5; p.307)) iff there exists w > 0 such that the sector
S, ={A€C :|arg M| < § +w} is contained in the resolvent set of A
and there exists a constant M > 0 such that

(5.1) l(A=A4)7" < %\‘1' for all A € S,,.

In particular if D(A) is dense in L, A is the generator of an holomor-
phic semigroup (see [12; p. 488]).

Given an operator A one can define a family of operators via the
Dunford integral

(5.2) Sit)f = %ﬂ/re“ (A=—A)"'fd\, t>0,

(see [5; p. 307] for details, comp. [2; p. 324]). The family {S(¢), t >
0} (S(0) = I) is a non-continuous semigroup. It is, however, strongly
continuous for for ¢ > 0, which will be of importance in what follows.
Its further properties are listed in [5; pp. 307-309]. The aim of this
paragraph is to show that the semigroups {e4«*: ¢t > 0} , p > 0,
where A, is a Yosida approximation of A, converge to {S(t), t > 0}.
Since {S(t), t > 0} is not strongly continuous except for f € Ly =
cID(A), the convergence is, in general, only pointwise and represents
another example of a phenomenon the paper is devoted to.
In what follows we will need the following lemma.

Lemma. Foranyr,u>0and 7 >a >0,

\/ 2
< .
> 1+ cosa

Proof. Let us fix g,r > 0 and define f(a) = 2(u? + 2urcosa +
r?) — (1 + cosa)(p + r)?, for a € [0,7). We have f(0) =0, f'(a) =
(u — r)%sina > 0. Thus f(a) > 0, for all a € [0,7). Consequently,
2(1 + cosa)™! > (p + 1) (p? + 2urcosa + r)~!, which is equivalent
to (5.3) since |u + re'®| = \/pu? + 2prcosa + r2. ]

(5.3)

p+r
p+ rete
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Let us assume that A satisfies (5.1) with appropiate constants
M,w > 0. One defines the Yosida approximation of A as A, =
pAR, = ®R, — pu, where R, = (u — A)7L.

Proposition. The semigroups {e#»!: t > 0}, > 0 are "uniformly
analytic” in the sense of Theorem 4.

Proof. Observe that by the Hilbert equation
(5.4) (I -vR,)I+vRuy-y)=UI+vR,—)I—-vR,) =1

provided p, u—v € S,,. Let us note that S, = {A : cos arg A > cosw}.
Suppose that p>0and A\ =z+1y = re'® € S, and put § = arg -;i‘—ﬂ
Since X% = p(z?+zp+y? +uyd)|(z+p) +y?] ™1, we get cos 8 = (2% +
zp+y?)/\/(2? + zp + y2)? + p2y?. It is just a matter of standard cal-
culations to prove that (z2 + zu + y?)/ /(2 + zp + y?)? + p2y? >
z/\/z? + y which means that cos 3 > cosa > cosw, and, conse-

quently, = € Su.

2
Thus, since ,\t =pu- T\E-i-_* we may apply (5.4) with v = {— to

obtain

p s p?
— = R, .
(I /\+uR“> BT
Consequently, for any x > 0, the resolvent set of A, contains S, and
(see [7; p. 312)) for all u > 0,\ € S,

-1 2 =] 1 “2 g
A=A4) = (u+A-p’Ry) =17 |- —Ru

A
(5:5) At p +p
S S )2R
St \A+p)

Furthermore, by (5.5), (5.1) and (5.3) we get
£ 1 Il
A=A < R
IO = A7 < S + T 1R
A+l P+ pl A i+ AL

p+ A M’ < M V/1+cosa

T el AL T DI
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(where M' = max{M,1}), provided |arg\| < a < ¥ + w. Thus if
|arg \| < 7 4+ w — 6 then

I(A = A)7HE < MV - sin(w — 6)72,

which is just (2.1) with M5 = M'/2(1 — sin(w — 6))~1/2.

Now, by Theorem 4, and Proposition, we may put

S@t)f = lim et'f, t >0, f e L.
p— 00
By the Lebesgue dominated convergence theorem and (5.4)

J/ e 5(t)fdt = lim / e MeM! fdt = lim (A~ A,)7' f

Y 1 H ’ ‘l__ -1
_ulgrolo{H# +<A+u) Ragf=0-47"f

Theorem 10.2 on p. 309 of [5] proves then that the Laplace transforms
of S(t) and S(t) defined by (5.2) coincide. Thus, S(t)f = S(t)f a.e.
in [0,00) for all f € L. Any strongly measurable semigroup, however,
is strongly continuous for ¢t > 0, ([11] p.305, Th. 10.2.3.), and such
is {S(t),t > 0}. It implies that S(t)f = S(t)f,t > 0,f € L. As a
consequence,

lim eA+tf = S(t)f,t >0,f € L,
§u—o00

which was the aim of this section.
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