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Certain Partial Differential Inequalities 
and Applications for Holomorphic Mappings 

Defined On the Unit Ball of Cn

Abstract. In this paper the author obtains some partial differential in
equalities involving holomorphic mappings defined on the unit ball in C" . 
Some applications to univalence criteria are given.

1. Preliminaries. Let Cn denote the space of n complex variables 
z = (zi,... , zn)' with the Euclidean inner product (z, w) = zj™j and 
the norm ||z|| = y/(z,z). The open Euclidean ball {z € C" : ||z|| < r} 
is denoted by Br and B stands for the open unit Euclidean ball BA . 
The origin (0,... , 0)' is always denoted by 0. As usual, we denote by 
L(Cn,Cm) the space of all continuous linear operators from Cn into Cm 
with the the standard operator norm. The letter I will always represent the 
identity operator in £(Cn,Cn). The class of holomorphic mappings from a 
domain G C Cn into C" is denoted by H(G). A mapping f 6 H^G) is 
said to be locally biholomorphic in G if its Frechet derivative

£>/(*) dzk l<j, k<n
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as an element of T(C”, Cn) is nonsingular at each point z € G . A mapping 
f G H(G) is called biholomorphic on G if the inverse mapping /-1 does 
exist, is holomorphic in a domain fi and /-1(Q) = G.
If Z?2/(^) means the Frechet derivative of the second order for f G 77(G) 
at the point z, then of course D2 f(z) is a continuous bilinear operator 
from Cn x Cn into Cn and its restriction D2 f(z)(u, •) to u x Cn belongs 
to Z(Cn, Cn). The symbol ” ' ” means the transpose of elements and matrix 
defined on Cn . For our purposes, we shall use the following definitions and 
results.

Definition 1.1. A biholomorphic map f : B —► Cn is said to be starlike 
on B , if /(0) = 0 and (1 — i)/(7?) C f(B), for all t € [0,1].

Lemma 1.1. [7], [8]. Let f : B —> Cn be a locally biholomorphic mapping 
on B with /(0) = 0. Then f is starlike on B iff

Re ([DfW'ftf,,} >0,

for all z G B \ {0} .

Definition 1.2.
on B with /(0) 
a G (0,1) if

Let f : B -+ Cn be a locally biholomorphic mapping 
= 0 and 77/(0) = I. We say that / is starlike of order

un/wrvw.*)
_1_
2Ö

for all z G B \ {0} .
For n = 1, it is not difficult to show that the above inequality becomes

Re > a
f(z)

zEU,

hence we obtain the usual class of holomorphic functions, starlike of order 
a on the unit disc 17 in C.

It is not difficult to show that for a G (0,1), the mapping f : B —+ Cn ,

/(*)
((l_2l)2(l-c) ’ (l_Zn)2(l-a)) ’

is starlike of order a .
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Lemma 1.2 [4]. Let w(z) = a + w\z + • • • be holomorphic in the unit disc 
U , with w(z) a. If zo = roe,e° , 0 < r0 < 1, and

|w(zo)| = max |w(z)|, 
l*l<ro

then

(i)

(ii) Re
zow"(zoy

w'(z0) > »,

where
> M*o) ~ al|(p 2 > Iw(^o)l ~ lal 

|w(z0)|2 - |a|2 ~ |w(z0)| + |a| '

2. Main Results

Theorem 2.1. Let M > 0 and

Af(M) = |p G H(B) : p(0) = 0 , £>p(0) = a/, |a| < M,

1^' iRi0 < M, for ail z G B\ {0} }•

If p £ AI’(M'), then there exist z0 £ B \ {0}, A G C with |A| = 1 and 
to G R such that the following hold:

(1) |(p(*o),zo)| = Milfoil2 = max |(p(z),z)|, 
ll«ll<l|zo|l

(2) A[£>p(zo)]'zo + Ap(zo) = ™z0 , (p(z0), ¿o) = AM||z012,

and m > M(3M + |a|)/(M + |a|).

Proof. If we consider the mapping g : B -* C, given by 

</(*) = ij“n2

for all z G B\{0}, then g is continuous on B\{0} and since lim2_oi?(z) = 
a = p(0) ,g is continuous on B and from the hypothesis we have |g(0)| < M .

If p A/\M), then we can easily determine zq G B \ {0} such that
|</(zo)| = M = max||2||<||20|| |p(z)|, so the first condition holds.
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On the other hand, if TZo(dBr<i) means the real tangent space of dBro 
at the point zo and v£TZ0 (dBro) is an arbitrary tangent vector of dBro 
at zo , where r0 = H^oll, the11 obviously there exist £ > 0 and a twice 
differentiable curve 7 : (—£,£) —► dBro such that 7(0) = zo and ^(0) = v .

Let a : (-£,£) -*■ R+ , <*(/) = |((p o 7)(<),7(/)>|2, for all t G (-£,£) • 
Then using the above notations we conclude that

a(0) = max{a(Z) : t G (-£,£)} ,

so o'(0) = 0 and <*"(0) < 0.
A straightforward calculation yields

0 = ct'(O) = 2 Re{[(£>p(20>, z0) + (p(*o), v)] (p(z0), 20)} •

Since
|<p(^o),2o>| = M||2o||2,

we can get A G C, with |A| = 1, such that (p(zo),zo) = MA||z0||2, so we 
obtain

0 = Re [([Pp(2O)]'2o,v)A + (p(z0), v)A]

i.e. ______
0 = Re ^A[Dp(2O)]z~o + Ap(20),^ •

But, the above condition is satisfied for all n G TZo(9Bro), hence we con
clude that A[Z?p(zo)]% + Ap(zo) is a normal vector to the boundary dBro 
at zo.

On the other hand, if we write

*€<?•,

then it is clear that dBro = {z G B : ip(z) = 0} and a normal vector to 
dBro at zo is zo ■ Hence, we can find a real number m such that

A[Dp(2O)]'2o + Ap(20) = mzo •

It remains only to prove that m > M(3M + |a|)/(M + |a|).
Indeed, let us consider the function h : U —> <C,

/»«) = (P C £ U

Then h(0) = a and we easily deduce that h G H(U) and

M = |/i«0)| = max |/i«|, <0 = Ikoll •
ICISICol
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Using the result of Lemma 1.2 we can find a real number s, such that 

|/i«o)|-|a|(o/i'Ko) = sh,(£0) and s >
W<o)| + |o|

A straightforward calculation yields:

= ( Dp(z0) zo
Lll^oll ’ M/ M\

and hence
(Dp(z0)(z0), zq) =(a+ l)(p(z0), z0), 

i.e.
(■Dp(zo)(-*o),2o) = («+ l)MA||z0||2.

Since A[7?p(^o)],2o + Ap(zo) = mzo , multiplying both sides of this equality 
by zo , we deduce that

m = M(s + 2), so m> M .
v “ M + |a|

Next we shall apply the above result to some sufficient conditions of univa
lence on Cn .

Theorem 2.2. Let f be a locally biholomorphic mapping in B, with 
f(0) = 0,1)f(0) = I and f(z) 0, for all z € B \ {0} . Let a € [|, l) 
and let /3 > 1 be such that fl(2a — l)(a + 1) < 2a . Suppose that

(3) ^2 + Re([Bf(z)]-1D2f(z)(z,z),z)
(2a- l)(a + l)||z| 

2a

for all z Ç B \ {0} ,

(4)

+/î{||x||2-Re([P/(z)]-1P2/(z)(x,i),z)} > ^(2a-l)(a + l)/3

for all z 6 B\ {0} and x G Cn \ {0} with Re (x, z) = 0. Then f is starlike 
of order a in B.

Proof. If p(z) = 2a[Df(z)]~1f(z) - z, then p is holomorphic in B, 
p(0) = 0 and f?p(0) = (2a - l)f. It is sufficient to show that

|(p(z),z)| < ||z||2 for all z G B \ {0} ,
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i.e.
ze b \ {0}.

If this does not hold then, using the result of Theorem 2.1, we can find 
zq e B \ {0} , 6 € R and m 6 R such that

INI2 = I(p(*o),*o)| = max{|(p(2),2>| : ||z|| < INI} , 

e,9[Dp(20)]'^o + e~‘9p(zo) = rnz0 ,

where m > (a + l)/a and (p(zo),zo) = e'61l^oll2 • 
It is clear that ||p(^o)|| > INI •

A straightforward calculation yields

(5) [Df(z)] 1£>2/(2)(p(2) + 2> •') + Dp^z) = (2a- 1)/.

Write y = [£>/(zo)] 1/(^o)- Multiplying both sides of (5) by z0 and 
then by y, respectively, we easily obtain

(6) 2a ([Df(zo)} 1P2 f(z0)(y,z0),z0) = (2a - l)||z0||2 + e‘9||z0||2(l - m)

4«2 ([I>/(*o)] 1i’2/(^o)(j/,y),^o} = (2a- m)||z0||2e‘ö 

+ (2a - 1)||z0|I2 - me2’6'|l^oll2 + e2,e||p(z0)||2 •

Now, if x = 2aye 'e — zo(l + cos0) then Re < x,Zo >= 0 and ||a:||2 =
||p(z0)||2-cos20|NI2-

After short computation we obtain

e2’9 {[Df(z0)]~1D2f{z0)(x,x),z0)

- e2,9(l + cos0)2 ([D f(z0')]~1 D2 /(zq^zo, zq), z0)

(8) = (2a - m)||zo||2e‘9 + (2a - 1)|N|2 - m||z0||2e2‘9

+ e2*9||p(2o)||2 - 2e’9(2a - 1)(1 + cos0)||z0112

- 2e2,9(l - m)(l + cos0)||zo||2 •

Using the condition (3) and taking the real part in the both sides of (8), 
we obtain

Re([£>/(z0)] 1D2f(z0)(x,x),zQ} - ||®||2 (l - 

> (1 + cos 0) (m - 2a - 2 + (2a~ 1XQ+ )
2a

INI2.
(9)
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From (9) swing to m > (a + l)/a and (3 > 1, we deduce the following

+ 0(||*I|! - (ii,/(«o)]_1£|!/(2o)(z.»;)>*o))] < ij^(l + COS0)||xO||2

+ «1 + COS«) (-TO + 2o + 2 - (2o~1X<> + 1)) ||2o||2

+ g(2o-l)(o+l) s < j3(2o - l)(a + 1) 2

2a 2a
If x 0 0, then the above inequality contradicts (4).
If x = 0, then ||p(z0)||2 = cos20||zo||2 and since ||p(^o)|| > INI, we

deduce that cosO = ±1.
If cosO = —1, then we obtain [B/(zo)]-1/(^o) = 0, which contradicts 

f(z) 0 for all z € B \ {0} .
If cosO = 1, then ay = Zq and using the condition (6), we get

INI’ + Re([B/(z0)]'1F)2/(2o)(^o,^o),2o) = INI2 [ft + 1 - y] .

Since m > , we conclude that

INI2 + Re([P/(zo)]_1P2/(2o)(zo,zo),N 

< (2o- l)(a + l)||z0||2
2ft

which also contradicts (3). Hence |(p(z), z)| < ||z||2 , z € B \ {0} , which 
completes the proof.

Remark 2.1. K. Kikuchi [2] and also S. Gong [1] proved that a locally 
biholomorphic mapping f with /(0) = 0 is biholomorphic convex on B 
iff the following inequality

(10) ||«||2-Re([Z»/(z)]-1P2/(z)(®,x),z) >0,

holds for all z € B \ {0} and x E Cn \ {0} , with Re < x, z >= 0.

For (3 = 1 and ft = j in Theorem 2.2, we obtain:

Corollary 2.1. Let f be a locally biholomorphic mapping on B, with 
/(0) = 0, D/(0) = I, which satisfies (10) for all z € B \ {0} and 
x e Cn \ {0} , with Re(x,z) = 0 . Then f is starlike of order 1/2 on B .

Proof. If (10) holds then the condition (3) holds, too, because is enough 
to put x = iz , z 0 in (10).
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Remark 2.2. From Corollary 2.1 and Remark 2.1 we deduce that any 
convex biholomorphic mapping f on B, with /(0) = 0 and 79/(0) = I, 
is starlike of order 1/2 on B .

This is a generalization of a well known result due to A. Marx [3] and 
T. J. Strohhacker [6].

For ¡3 = 1 and a £ [y,l) in Theorem 2.2,we obtain:

Corollary 2.2. Let f be a locally biholomorphic mapping on B with 
/(0) = 0 and 79/(0) = I and f(z) 0 0 for all z £ B \ {0} . If a € [|, l) 
and

(11) ||*ll’ - > <2°-1)<2°+1)ll*ll’

for all z £ B\ {0} and x € Cn \ {0} with Re(a:, z) = 0 , then f is starlike 
of order a on B .

Proof. Putting x = iz , z £ 7? \ {0} in (11) we obtain (3) and our corollary 
follows from Theorem 2.1.
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