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Firmly Lipschitzian Mappings

ABSTRACT. S. Reich and I. Shafrir in their paper [6] obtained some inter-
esting results concerning asymptotic behaviour of firmly nonexpansive map-
pings. Our purpose is to extend some of their results to firmly k—Lipschitzian
mappings with k > 1 and to give some other properties of such mappings.

1. Introduction. Let D be a subset of Banach space X . A mapping
T :D — X is said to be firmly Lipschitzian with constant k > 1 (or firmly
k— Lipschitzian), if for all ¢ € [0,1] and for all z,y € D

| Tz — Ty [|[<|| k(1 = t)(z - y) + Tz - Ty) || .

This is a generalization of the notion of firmly nonexpansive mappings in-
droduced by R. E. Bruck in [1]. Such mappings have some remarkable
properties not shared by all nonexpansive mappings (see [1], [2], [3], [6]).
The notion of firmly k—Lipschitzian mappings with k£ > 1 was introduced
in [5], where firmly Lipschitzian and 2-rotative mappings were investigated.

It is easy to see that each firmly Lipschitzian mapping is Lipschitzian
with the same constant.

In this paper we present some results concerning the general properties
of firmly Lipschitzian mappings and their asymptotic behaviour.
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2. Basic properties. Let now J : X — 2% be the duality mapping.
This means that for every w € X

J(w) = {w" € X : (w,w") =[| w|*=|| w" ||*}.
We have a well known (see e.g. [3])

Lemma. Suppose z,w € X . The following statements are equivalent
(i) Foreach t€[0,1], [|w|<||(1-08)z+tw],
(i) There exists j € J(w) such that || w|*< (2,7).

We will need this lemma in proving

Theorem 1. Let D be a subset of Banach space X. A mappingT : D — X
is firmly k- Lipschitzian if and only if one of the following conditions holds
(a) Forany z,y € D thereis j € J(Tz — Ty), such that

| Tz — Ty |I*< k(z - y,5),

(b) Forany z,y€ D and t € [0,1]

k
| Tz — Ty |I< T7k=D |(A-t)(z-y)+ 4Tz -Ty)| .

Proof. Assertion (a) is an immediate consequence of the lemma. To see
this it is enough to put z=k(z -y), w=Tz - Ty.
Suppose now that (a) holds. Then
Fl(1-t)(z-y)+uTz-Ty)||- | Tz - Ty ||
2 k((1-t)(z - y)+ 4Tz - Ty),j)
= k(1 = t)(z - y,4) + kt(Tz — Ty, j)
>2(1—t+kt)|| Tz - Ty |?

and (b) follows.
Suppose now that (b) holds. Then

| Tz =Ty || <kl (L =t)(z—y)+t(Tz-Ty) || -t(k-1) || Tz =Ty ||
<|| k(1 —t)(z —y) + kt(Tz - Ty) — t(k - 1)(Tz - Ty) ||
=|| k(1 = t)(z - y) + (Tz - Ty) ||

and so T is firmly k—Lipschitzian.
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Theorem 2. Let T : D — X be firmly k- Lipschitzian mapping satisfying
|Tz-Ty||=k||z—y || . Assume that T can be iterated at = € D. Then
for any positive integer n

n-1
le-T"z||=) K |z-Tz|l .
1=0

Proof. Let || T'z = T'*'z ||= k' ||z - Tz ||=d;, i=0,1,2,.... Obviously
lz-Trz < Eic ) d;. We will prove the equality by mductlon on n. For

n=1Iitis obvxous. Suppose that | z—T*z ||= Zf:ol d; for k=1,2,..,n
Then

o 1
dodi=llz =Tz ||= ¢ || Tz =Tz |

i=0

:%-%||x—T":+TI—T"+lJ:||

1 n n
Fward L 7 gl T z ||
:Hluz T“*‘z]]+—2d

1=0

Thus

n-1 n-2 n-1 n
le=T "z |>(k+1)) di—kD di=kdpy+) di=) d;
i=0 i=0 i=0 1=0
and the proof is complete.

Suppose now that D is closed and convex. With each Lipschitzian map-
ping T : D — D a family of firmly Lipschitzian mappings is associated.
Namely we have the following

Theorem 3. Let T : D — D, where D is closed and convex subset of X ,
be k-—Lipschitzian. Then each member of the family of mappings {F,}
defined by F, = (1—aT)~'(1—a)l, where I is the identity mapping and
a € (0,1/k), is firmly Lipschitzian with the constant (1 —a)/(1 — ak).

Correctness of the definition of such F, was proved in [4]. Moreover, it
is easy to see that Fix F, = FixT .

Proof of Theorem 3. First observe that

Foz=(1-a)z+ aTF,z.
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Set p=(1—-t)z+tFsz, t€[0,1]. Then

F““c:(l—a)(l_—} 1=i

-1
F.z + Lp) + aTF,z

and consequently

a-—la a-—ta
Fgpu=i{ 1 — TF,z.
£ ( 1—ta)p+1—ta i

Thus F,z = Fgp, where 8 = (a - ta)/(1 —ta). (If a < 1/k then
B<1/k and || Fuz — Fpp ||= 8| TFaz — TEgp||< Bk || Faz — Fap|| . So
| Faz — Fpp||=0.)

Similarly, taking ¢ = (1 — t)y + tF,y we have F,y = Fpq. Therefore

=
I Foz = Fay || =Il Fop — Foq ll< T—3z lp - qll

_ a(l-t)
iy 1 (=) - y) + t(Faz = Foy) |
S pur)
- Tat
= —=F |1~ )z - y) + (Foz ~ Fap)l|-
1+t (1—.&1.- T 1)

I

This shows that F, has property (b) from Theorem 1 with the constant
(1 - a)/(1 — ak). Hence it is firmly Lipschitzian with the same constant.

3. Asymptotic behaviour of firmly lipschitzian mappings. In this
section we will try to say something about the convergence of the sequence
of iterates of the firmly k—Lipschitzian mapping. Some interesting results
concerning this problem in the case k =1 were given in [6].

When k > 1 it is rather difficult to establish the limit of {T"z} or
{|| T**'z — T"z ||}. However, Theorem 2 has the following immediate
corollary.

Corollary 1. If T : D — D satisfies | Tz — Ty ||= k|| z — y || for all
z,y € D and is firmly k- Lipschitzian, then either = € FixT , or for any
m2>1

lim || T"*™z — T "z ||= nli_‘muo | Tz ||= 00.

n—oo

Assume now that || Tz — Ty ||< k|| z — y || . The following theorem is
a generalization of Theorem 1 in [6].



Firmly Lipschitzian Mappings 81

Theorem 4. Let D be a subset of Banach space X and T : D — X a

firmly k- Lipschitzian mapping with k > 1. If T can be iterated at the
point £ € D then for all m > 1

o I Te T k=1 [ TMTe - Tre
nl—omoo kn T km -1 nl—on;o kn
— (k-1 lim L2
n—oo -1

Proof. Since T is k—Lipschitzian, the sequences {w} for all

m > 1 are nonincreasing and the limits

| Tz - T | | T+ ™z — Tz |

= nli.moo o and P, = nan;o o
exist.
Moreover,
“Tn+mx —T"z ”S” Tn+mx - T"+m_1:t ” Lo + ” Tn+1 —TNg ”
Lm
<™ '+ + )| T =Tz ||= v || Ttz - T "z ||.
Thus
k™ — - e
(*) Pn < — i L for all positive integers m.

We will show, by induction on m, that

k™ -1

P =g

L.

For m =1 the equality is obvious.
Assume that P; = [(k? — 1)/(k — 1)]L for j = 1,2,..,m. Since T is
firmly k-—Lipschitzian, for all ¢ € (0,1) we have

| Tz —T g || < || k(1=t) (T™ ™z = T"z) +t (T™ ™+ - T ) |,

Chosing t = k/(k + 1) we get
” Tn+m+l Tn+l.’l: ”S k 1 ” Tn+m —T"z 4 Tn+m+lz . Tn+1:l: ”
k

< Tn+m+l T"'H:z: + Tntm, —Trtle .
= I ||
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Hence
” Tntm+ly _ Tng “ 3 k+1 “ Tntm+ly _ pntl, ”
kn+1 k kn+1
Il Tn+mz i) Tn+lI ”
. kn+l
and
1 k+1 k+1 k™ -1 k™1 -1
- > —P, —Pp_, = . L- L.
ot s Al T e k-1
Consequently
km+l 1 1L
| > —VL.
Pm+1 — k _ l
Therefore, using (*) we complete the proof of equality
L= kLm_:l—le forall m>1.
Now we will show that for every positive integer m
m-—1 m-—1 g g
Titlz — Tz ” Titlye — Tz
oy TeallT LT T
Yo K m et k
To see this, set s = Y 01 k. Let us also observe that forall 1 <i< m
KU+ k2441 i
- ->0.
s mkE

In fact, the monotonicity of the function f(z) = (1 - k~%)/z, z > 1,
implies (1 — k7')/i > (1 — k~™)/m which proves the above inequalities.
In view of those, we obtain

=1 1 el . il
i s i1, _ i = 1o CIRRTIE Y
3 (3 mki) | THz - Tz ||= Y (s mk,.) | Tz — Tz |

i=0 1=0

1 1 m mm-—
(; mkm= ') §T7e = Trmsd

m=3

1 1
< > i+1 _Tx
_§j(3 m;.--)”'-” z-T'z|

o 1 k k

\ gm=—1 m-2
\ 8 mk"“2+s_W)I“ z-T" "z ||

m=3
_ . i+l g
_Z(s mb)u:r z-Tz ||

1 2
+ ( kel ) | T™ 1z —T™ 2z ||

s mkm—2




Firmly Lipschitzian Mappings 83

(—- ) I Tz =T’z

1 k2 + k 2 \ ~m—2 m-3
© mkm- = 38 _mlc’”':’)“j ol 2]

-4
| . ,
(;—W> ||T'+1z—T:v||
1=0

(k'-’+k+1 3

1A
"‘\MB

3

uM

+ J Tt -1 g

\ s -~ mkm-3
.m—1 m-=2
S---S(x + k s hlerr w )][Tz—:z:!!:O
S km-m
Now, from the equality L = [(k = 1)/(k™ — 1)]P,, for all m > 1, we get
k m
L< k"‘—l |T™z -z | .

With (x#) this yields

k-1 — k-1

< i My — < i My -
LS lim e [ Tme -2 < T o | T2 -2 |

< [fim Y‘ | Ti+'z — Tz ||

m—oookm f:d

< fm_ 1| Tz~ Tz |

g - T

' o ”TnH»lx_me”_

_mlgonoo km S

and thus the limit lim,_ o Lk-_ﬂ-lT || T"z — z || exists and is equal to L .
But limp—co &=L || T"z — z ||= limp— o=y || T"z || , which completes
the proof of second equality.

Let us observe that the equalities of the above theorem can be written
in the form:

S b e A 1 lim | T"*™z — Tz ||
le kn = m=i i noo kn
n—oo 2 e A
T
- n-1
n—o00 Z k:

Thus in case k =1 we get a result of S.Reich and I.Shafrir [6].

The following corollaries also generalize some results of [6].
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Corollary 2. If a firmly k—Lipschitzian mapping T has a nonempty
fixed points set, then

. || Ttz — Tg ||
lim
n—00 A‘"

for each point = at which T can be iterated.

Corollary 3. Let T: D — D be firmly k—Lipschitzian and set
d=inf{ly-Ty|: ye D }.
Then for each z € D and for every € > 0 there exists ., € D such that

i LT 2 - T"2 |

n—oo kn

<dte+(k-1)[z—z.]l .

Proof. Let ¢ > 0. Then thereis z, € D such that | Tz, —z. |[[< d +¢€.
We have
| Tz || <l T ze = T2 |+ | TPz = T 22 ||
+ .t ” Tmt — Te ” + ” Ze ”
SV 4R 4 L4 1) (| Toe —ze || + || 2 |l

k™ -1
= T (dt et |z
and
n n n k™ —1 n

| T 2 ||<|| T 2 || +4" || 2 — 2 ||< k_l(d+€)+ | ze || +K™ || 2 —ze || -
Hence B 1

im 2L s <dtet k-1 llz-2.] .

n—oo K™ — ]

Before stating next corollary let us recall that a mapping T : D — D is
called rotative if there exist m > 1 and 0 < a < m such that

|T"z~z||<al||Tz—z| forany z€ D.

Corollary 4. If T is firmly k—Lipschitzian with k > 1 and rotative then

i ” T"“z —T"z ” _

n—oo kn

0.
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Proof. Suppose that T is m—rotative. Then ||T"*™z — T"z|| < a

|| Ttz — T"z || and Z:’;Bl k'L = P,, < aL, where L and P,, are the
limits defined in the proof of Theorem 4. But Z:’f_,;' k' > m > a. Thus
L=0.

Unfortunately from L = 0, in the case & > 1, neither the existence
of limit of the sequence {|| T"*'z — T"z ||} nor its boundedness follow.
However,if e.g. T is firmly k—Lipschitzian and 2-rotative with the constant
a <1+ 1/k then the limit lim,_.o || T"*'z — T"z || does exist. In fact,

k
” Tn+‘21, —Tn+ll' ”S g ” T"+21' —Tnit +T"+2I _ T"+l$ ”
k+1

L 1

- I T2z - Tz [|[< —— | T* e - Tz ||<]| T2 - Tz ||,
k+1 1

k +
meaning the sequence {|| T"*'z — T"z ||} is nonincreasing.

Alsoif T : D — D, where D is closed and convex, is rotative and
k—Lipschitzian, then there exists 4 > 1 such that the following holds. If
k < v then we can find ag € (0,1/k) such that the sequence {|| F] z —
F3+'z ||} for associated mapping F,, is nonincreasing (see [4, proof of
Theorem 2]). So the corresponding limits from Theorem 4 are for this
mapping equal to zero.
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