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ABSTRACT. The study of minimal displacement problem was initiated by
Goe- bel in 1973 [3] and, while some further results have been obtained
by Franchetti [1], Furi and Martelli [2], Reich [6] and [7], several major
questions remain open. The aim of this paper is to show constructions of
lipschitzian mappings with positive minimal displacement in spaces L! (0, 1)
and L? (0,1) which can be used as the first estimates from below of minimal
displacement characteristic of X in those spaces.

Introduction. Let B,S be respectively, the unit ball and sphere in an

infinitely dimensional Banach space X with norm |-||. For any k > 0, let

L (k) denote the class of Lipschitz mappings T : B — B with constant k.
By ¥x (k) we will denote the minimal displacement characteristic of X

Yx (k) = sup

_;gg lz -1 rll_

where supremum is taken over all mappings T belonging to L (k). It is
known that for any space X

'/’x(k)Sl—% for k > 1.
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There are some "square” spaces like ¢, C [0, 1] for which ¢¥x (k) =1-1/k.
In the case of space I' we know only that ¢x (k) < 1 — 1/k and that
Y (k) < ¥rio,) (k) but it is still unknown if ¥p10,1)(k) =1 - 1/k or
not. Since 1973 [3] evaluation for Hilbert space H

b (k) < (1= 1/k)Vk/(k +1)

has not been improved neither its exactness was shown. Qur construction
in the Hilbert space L?(0,1) which can be used as the estimate from below
of ¥y (k) is far from the above and probably far from the real value of

Yy (k) .

Construction in L! (0, 1) . Let us consider the unit ball B in L' (0,1) .
For any f € B and k > 1 define t; as the solution of the equation

t

/(1 FEIf(s))ds =1

0

with respect to t. Set

1+ k|f(t)] fort<ty
0 for t > tg.

(Tf)@) = {

Obviously T : B — B (more precisely T : B — S§). Suppose f,g € B
with t; <t,. Then

1
ITf - Tqll = / (Tf) (1) - (Tg) (1)) dt
0

e /Iklf(t)l—klg(t)lldt+/(1+klg(t)|)dt
0 ty

ty Ly

<k [1F &) -g@ldt+1- [ (1+klg(t))de

/ /

<klf-gll+ / (k£ ()] - klg (1)) dt < 2k ||f — gl
0

which shows that T € L (2k). Now we can calculate minimal displacement
of T.
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1 ty 1
ITf - £l =/I(Tf)(t) = f(t)]dt = /I1+klf(t)l v f(t)ldt+/lf(t)|dt
0 0 ty

> /(1+(k— DIf () dt = ty + (k 1)/|f(t)|dt-
0 0

Because
¢y
1= [akif@par
0
so we obtain

ty
[ir@lae=a -1k,
0

Finally we get

UTF = fl >ty + (k- 1)/If(t)ldt= o+ (k= 1)(1- ty)/k

=t,/k+(k=1)/k>1-1/k.

Which means
VLo (2k) 2 1-1/k
$0
Yo, (k) 2 1-2/k.
This result can be slightly improved, by taking a tangeni line to the graph

from 1, because function ¥ x is concave with respect to 1 (see [3]). After
easy calculations we get

| (3-2v2)(k-1) for1<k<2+V2

k) > « )
Yro.1) (K) for k > 2+ 2.

Lol

Now, we show what happens with a construction similar to the above in
the space L?(0,1).
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Construction in L?(0,1) . Let B and S denote, respectively, the unit
ball and sphere in the Hilbert space L%(0,1) with standard norm and inner
product. As in the previous construction, for f € B and k > 1 define t;
as the solution of the equation

t
/ (L+k|f(s s=1
0
with respect to t and set
1+ k|f(2) for t <ty
T ={
0 fort > t4.

Obviously T : B — B (more precisely T : B — S ). Suppose that f,g € B
with t; <t,. Then

1
TS - Tgll? = / (T £) (1) - (Tg) (1) dt
0

- /(k £ @) = klg (D))’ dt+/(1+k|g(t)|)2 dt
0 &

ty

ty
sk?/(f(t)—gu»?dm—/(1+k|_q(t)|)2dt
0 0

<ENf-glf + [ (4SO - (@ +klg)?)
0
ty

< K|S - gl|+2k/|fi)- )ldt+L2/((f(t)) ~ (g(®))?) dt

0

Because

ty ty

ty
|f(t) - g(t)|dt < (f(t)-g@)dt | [ dt
/ / /

0

<Vl =gl < Hif - gll
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and
ty ty t
Jluwr -wwr)as | [eo-gora] [to+ow?a
0 0 0

<Wf=gllllf +gll <211f - gll -
So we finally get
ITf - Tgll* < K*|If — gl + 2k[1f — gll + 2k* || f - gl
=k ||If - gl + 2k (k+ 1)If - gll.-

This shows that T is uniformly continuous. However (as my be checked)
T is not lipschitzian. Nerveless, T may be used to produce a lipschitzian
mapping but let us first calculate the minimal displacement of T'.

1
TS = fII? = /((Tf)m—f(sn"dt
0

1
= [(+kIf @) - FO)Y dt+/(f(t))2dt

ty

-~
-

=

t

-

(14 (k= 1)|f(t))* dt

v
o

ty

/

0

t t
dt +2(k - 1) / | (@O)dt + (k - 1) / (f (£))" dt.
0 0

Because

ty

1= [ (L+kIf () dt =t +2k [ |f@)ldt+ - [ (f(2)dt
/ [renae ]

0

SO
e A E(k_l)gtf+k_1!If(t)ldt+k O/(f(t)) z

iy iy
2_t,+2k/|f(t)|dt+k2/(f(t))2dt= 1.
0 0
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Which finally shows that
NTf-fll>1-1/k.

Now we can modify the mapping T to obtain a lipschitzian mapping. Let
us take £ > 0 and choose a set W C B with the following properties
(i) VigeW f#g |f-gll2e¢
(i) VfeB dist(f,W)<eg, where dist(f,W)= 1&1;} f-gll.
)

Let Ty = T\w . We claim T is lipschitzian on W .
Indeed for any f,g € W we have

IT2 f = Tagll < k2 1If = oIl + 2k (k+ 1) |1 - gl
2k(k +1
<yfe s BERD gy

[ 4

By Kirzbraun’s theorem 7} : W — S may be extended to a mapping
T; : B — B with the same Lipschitz constant. It is possible to calculate
minimal displacement of T;

Nf=T2f1l > LA = T2A4ll = (If = Al + T2/ = T2 )

, . 2k(k+1

<

_S(H‘/mmy_n),

where fi € W and ||f — fi|| < €. We obtain that
2%k (k + 1 1 2%k (k + 1
v (i + EED) 5 1 (14 o 2EED)

>1-

] =

Lol IR

[+ -

which implies
A% &

2 k 21—‘ ==l & k+1
Yizea) (k) l+e(e+2)k2-1 ( )

for sufficiently large k.

This estimate strongly depends on the choice of ¢. For instance for k =
50 almost optimal value of £ is £ = 0.005 and then %2, (50) > 0.25.
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