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Banach Space Properties of Opial’s Type
and Fixed Point Theorems of Nonlinear Mappings

ABSTRACT. Banach space properties of Opial’s type are discussed; in par-
ticular, examples are given to separate the nonstrict Opial property, the
Opial property, the locally uniform Opial property and the uniform Opial
property from each other. It is also proved that if the Opial modulus rx (-)
of a Banach space X has a positive value at some c € (0,1), then X has
the weak normal structure and every asymptotically regular and asypmtot-
ically nonexpansive semigroup of self-mappings of a weakly compact convex
subset C of X has a common fixed point.

1. Introduction and preliminaries. Let X be a Banach space and C
a nonempty weakly compact convex subset of X. Recall that a mapping
T : C — C is nonexpansive if ||Tz — Ty|| < ||z — y|| for all z,y € C.
In order to study convergence of the Picard iterates {T"z} of T, Z. Opial
[9] introduced the following property of Banach spaces which is now called

Opial’s property.
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Definition 1.1. A Banach space X is said to satisfy Opial’s property if for
a given sequence {z,} in X with z,, — z, we have

B Jlon -2l < T llen -yl Vo€ X\ {z).

(Throughout the paper, we use ‘—’ to stand for weak convergence and ‘—’
for strong convergence.)

If in the above definition the strict inequality ‘<’ is replaced by the
nonstrict inequality ‘<’ then the space X is said to satisfy the nonstrict
(or weak) Opial property. It is well known that all Hilbert spaces and [P
(1 < p < oo) satisfy Opial’s property, while LP fails unless p = 2. The
following is Opial’s example [9] (with a correction of the values that the
function ¢ takes).

Example 1.2. Let ¢ be a periodic function with period 27 such that

(1, if0<t< 3n,
L -3, if3r<t<onm.

P(t) = {

Let &,(t) = ¢(nt), n > 1. Then &, — 0 in LP[0,27] for all 1 < p < oo.
However, since )
57p |3 NP
' e — — — —
Ap(0) = 4 [5 (5) :

Ap(e) = lim [[a(t) - clP,

where

it follows that ¢ = 0 is a minimizer of A,(c) if and only if p = 2. So LP[0, 2]
does not satisfy Opial’s property for any p # 2.

On the other hand, Hilbert spaces H and I” for 1 < p < oo do satisfy a
property stronger than Opial’s property as shown in the proposition below.

Proposition 1.3 (cf. [6],(7],{9]). Let H be a Hilbert space and 1< p < 00.
(1) Ifz, — z in H, then

Jm [lzn - ylI* = Tm_llea 2|’ +[ly - 2| vy e H.
(2) If z, — z in [P, then

B flzn — lP = B llon — 2P +lly - zI?, vy e .

n—oco
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This leads to the notion of the uniform Opial property proposed first by
S. Prus [12]. Here we adopt another alternative.

Definition 1.4 [10]. The Opial modulus of a Banach space X is defined as
the function rx : [0,00) — R given by

rx(e) =int { lim flon + 2l = 1520 =0, Bm leall 21, ] 2 ¢}, 2 0.

n—oo n— 00

If rx(c¢) > 0 for all ¢ > 0, then X is said to satisfy the uniform Opial
property. The following proposition lists some basic properties of Opial’s
modulus.

Proposition 1.5 [10], [13]. Let X be a Banach space. Then
(i) c—1<rx(c)<c Ve>0; hence rx(c) >0 for all c > 1.
(ii) rx is continuous on [0, 00) and m is nondecreasing on (0, co).
(iii) If X is uniformly convex and satisfies the nonstrict Opial property,
then X satisfies the uniform Opial property.

A few Banach spaces have their Opial modulus calculated.

Proposition 1.6 [8],[11]. Let 1 < p < oo and 1 < q < co. Then
(a) r(c) = (1+cP)? =1, €>0.
(b) 71, ,(c) = min {(1 + c")% -1,(1 +c")§ - 1} , Ve >0, where l,,
is the usual IP space but renormed by

lz| = (Il=*113 + ll="1I3)

2% and z~ being the positive and negative part of z, respectively,
and || - ||, being the usual [Pnorm. (More properties of l, , may be

found in [2].)

1
q
’

Sometimes the sequence under consideration is fixed. This leads to the
notion of the locally uniform Opial property introduced in [8].

Definition 1.7. A Banach space X is said to satisfy the locally uniform
Opial property if for each weakly null sequence {zn} withlim__ ||z.| > 1,
we have \

inf{ lim ||zn+x||—1:||z||20j> >0 Ve>0.

n—+00

A useful equivalence is given below.



296 H. K. Xu

Proposition 1.8 [8]. A Banach space X satisfies the locally uniform Opial
property if and only if given any sequences {z,} and {y} in X, the con-
dition z, — z and limy, oo iMyneo |0 — Ym|| < im0 |zn — z|| imply
Ym — L.

2. Renorming. D. van Dulst [3] proved the following result.

Theorem 2.1. Every separable Banach space (X, ||-||) can be equivalently
renormed to satisfy Opial’s property.

We include briefly van Dulst’s proof which helps to construct several
examples in the next section.

Sketch of Proof of Theorem 2.1. Because of separability, X is isometri-
cally embedded into another Banach space Y with a basis {e,}52,. We may
assume that |le,|| = 1 for all n > 1 so that the associated conjugate basis
{en}22, is bounded. Let {P,}32, be the associated sequence of projections,

ie.,
n

Py = Z(y’enei’ Vy = (y,ef)e; ey.
=1

8

=1 1

Let ||lz|1 := ||zll2 + l|lz]la, z € X, where
(e <]
lllz := sup llz = Pazll (Po:=0) and |jalls = =|(z,e5)|
’ n>0 " = Ly 9n I\ TRIE
= n=1
Then || - ||; is a norm equivalent to the original norm || - || of X and it

satisfies the nonstrict Opial property. The contribution of the seminorm
|| - ||3 is to force the nonstrict inequality ‘<’ in the nonstrict Opial property
of the norm || - ||; to become the strict inequality ‘<’ in Opial property of
the norm || - ||;. Also we observe that if || - ||3 is replaced by || - ||a with
€ > 0 small enough, then the norm || - ||, defined above still satisfies Opial’s
property. But in the latter case, the norm || -||; is close to the norm || ||, in
the sense of the Banach-Mazur distance so that some geometric properties
of (X,|| - ||2) can be carried over to (X, || - ||1)- a

3. Examples. This section is devoted to several examples of Banach spaces
which separate various properties of Opial’s type from each other. Obvi-
ously, the uniform Opial property implies the locally uniform Opial property
which implies the Opial property which in turn implies the nonstrict Opial
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property. The examples constructed below show that none of the inverse
implications is valid.

Example 3.1. Banach spaces that have the nonstrict Opial property but
fail to have the Opial property. There are plenty of such spaces, for example,
co and (12 @ R) with the norm ||(z, )| = max{||z||2, |r|}.

Example 3.2. Banach spaces that have the Opial property but lack the
locally uniform Opial property. Apply van Dulst’s norm in Theorem 3.1 to
co to get an equivalent norm |z| on ¢ which satisfies Opial’s property, given
by

o)

lay]
2] = zlloo + 3 5%, @ = {an} € c,
n=1

where || - || is the usual norm of ¢g. To see that ¢o with this norm fails
to satisfy the locally uniform Opial property, we take z, = e, — 0 and
Ym = €m. Then it is straightforward that

limlim |z, + yn| = 1 = lim|z,|, but y, /A 0.

It follows from Proposition 1.8 that (X,|:|) does not satisfy the locally
uniform Opial property.

Example 3.3. Let X = (2@ !> be normed by

o= |zi] + |y
bl = leloo +e 3 ZEL 2 o), o= Gz e, y= i €2,

=1

where ||z]lc = max{||z||2, [|l¥lls}, with || - |2 and || - [|3 the usual 2 and 3
norms, repectively. As the norm ||-||« satisfies the nonstrict Opial property,
| -] does satisfy the Opial property. Next we show that |-| fails to satisfy the
locally uniform Opial property. Take a sequence 2" = (z",y") € X such
that 2" — 0 and |z"| — 1 with ||z"||]2 — 1 and ||y"||s — b < 1. Choose
another sequence w™ = (u™,v™) € X such that |[u™|; — 0, [[o™|]3 — ¢
with b + ¢® < 1, and v/* — 0 as m — oo for each ¢ > 1. It follows from

Proposition 1.3 that
T o m2\% (33 m |3 3
i |2 — v = m ( max{ (1+ am3)¥, (6° + o™ I3

+ez |_ﬂ_|_2'f'_|_”:_|) =max{l,(0* + )3} =1= @V”L

i=1
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But w™ + 0. So again by Proposition 1.8, (X, |-|) lacks the locally uniform
Opial property.

Remark. Recall that the normal structure coefficient of a Banach space X

is defined by
diam(A)}
ra(A) J°

where the infimum is taken over all bounded convex subsets A of X with
more than one point, diam(A) = sup{||z — y|| : z,y € A} is the diameter
of A and r4(A) = inf e4sup{||z — y|| : y € A} is the Chebyshev radius of
A with respect to itself. X is said to have the uniform normal structure if
N(X) > 1. As is well-known, uniform normal structure plays an important
role in both Banach space theory and fixed point theory. It is known that
N((* ® PP)s)) = min{N(?),N(®)} = min{v2,V2} = v2 > 1. It is
easy to see that the Banach-Mazur distance d((X, |- |),(X,|-||)) £ 1+ 2e.
From Theorem 5 of Bynum [1] where it is proved that if E and F are two
isomorphic Banach spaces, then N(E) < d(E, F)N(F), it follows that the
space (X,|-|) in example 3.3 has the uniform normal structure provided

£ < (V2-1)/2.

N(X) = inf {

Example 3.4. A Banach space which has the locally uniform Opial prop-
erty but lacks the uniform Opial property. Let

x:( &a:") :

Then X satisfies the locally uniform Opial property; see [12] for details.
However, it lacks the uniform Opial property, because for each ¢ > 0,
rx(e) <rui(e)=(1+¢)/* -1 —-0asi— oo.

4. Fixed Point Theorems. Let X be a Banach space, C a nonempty
weakly compact convex subset of X, and T : C — C a mapping. Opial
property plays an important role in the metric fixed point theory. The
following result is now well-known (cf. ([3]); see [5] for a comprehensive
theory of nonexpansive mappings.

Theorem 4.1. If X satisfies Opial property and T is nonexpansive, then T
has a fixed point. Moreover, I -T is demiclosed on C; namely, for {z,} C C,
pn—zand ([ -T)z, - y=>{I-T)z=y.

The following is a more recent result [8].
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Theorem 4.2. Suppose X satisfies the uniform Opial property and T is of
asymptotically nonexpansive type; that is, for every z € C,

Tim sup{{|T™z - T"y|| - [l - yll : 3 € C} < 0.
If TV is continuous for some integer N > 1, then T has a fixed point.

Let now G be an unbounded subset of [0, 00) such that for every h,t € G
we have h+t € Gand h—-t € Gif h >t Let S = {S;:t € G} be a
semigroup of self-mappings of C; i.e., S fulfils the conditions:

(1) Stss(z) = 5:54(2), = € C,t,5 € G,
(ii) for each z € C, the mapping t — Sy(z) is continuous from G to C
when G is equipped with the relative topology of R.

Recall that § is said to be asymptotically regular on C if

i = = > .
}161161 [[St4sz — Sez|| =0 Vs>0,z€C

t—o00

For a Lipschitz mapping T : C — C we use |T| to denote its Lipschitz
constant, i.e.,

ITz - Tyll

T=sup{ .z,yec,zm}.
7] ==l

For a semigroup S of Lipschitz self-mappings of C, we put

o(S) = lim |S].
teG

t— o0

Theorem 4.3. Let X be a Banach space such that rx(c) > 0 for some
0 < ¢ < 1. (Here rx is the Opial modulus of X.) Let C' be a weakly
compact convex subset of X and S = {Si}teG an asymptotically regular
semigroup of Lipschitz mappings of C such that 0(S) < 1. Then S has a
common fixed point, i.e., a point z € C for which S¢z = z for all t € G.

Proof. Select a sequence {t,} C G, t, — oo, such that lim,|S: | =
o(S) < 1. Without loss of generality, we may assume that C' is separable, so
that by passing to a subsequence if necessary, we may further assume that
for every z,y € C, {S;,z} is weakly convergent and lim,, ||S;,z — y|| does
exist. Define a function ¢ : C — C by ¢(z) = w —lim, S;,z, z € C and a
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function p: C — R by p(z) = lim, ||S,,z — ¢(z)||, z € C. The key point
to the proof is the following assertion:

(4.1) p(e(z)) < cp(z), VzeC.

Write y = ¢(z). If p(z) = 0, then S;, — y and hence by continuity and the
asymptotic regularity of S, we have for every m > 1,

Sty = lim Sy, S¢,z = lim St 4¢, = .

It follows that p(y) = 0 and (4.1) is proved. Assume now p(z) > 0. If (4.1)
were not valid, then we would have som& & C such that p(y) > cp(z),
where y = ¢(z). By definition of the Opial modulus of X, we get

(4.2)
@ﬁf‘“ IS¢,z — St yll = Eﬂ?h’r‘n ” (St - y)pz;:gy = ngy)‘ p(z)
limp, ||Se, vy — yll
> p(z) [1 +rx ( = )] .

On the other hand, using the asymptotic regularity of S, we have

(4.3)
imlim || S,z = S, || = lim lim ||S;,, S¢, z = S¢,,y]|

< Imlim|Sy,|[|Se,z - o
m n
<lim||S;,z — y|| = p(z) aso(S)<1.
Also, by the weak lower semicontinuity of the norm, we obtain

(44)  p(y) = lm IS¢,y = g()]| < LimEim IS,y - Sty

< llg‘nil—}‘; |Seal 1Stm—ta ¥ — yll = Lim |S;,,y — y]|.

Combining (4.2) - (4.4) and noting p(y) > cp(z) we get

:1 +rx (Hm'" 13ty - y”)] > p(z)[1 + rx(c)).

p(z) > p(z) ()

This is a contradiction as rx(c) > 0 and p(z) > 0. Hence (4.1) is proved.
Now we can construct a sequence {z,}52, in C as follows.

zo € C arbitrary, z,, = w - limS$; 2y, m=1,2,---.
n
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By (4.1) we see that p(z,,) < ep(Zm-1), m > 1. Since

lzm+1 = zmll < lim lZmsr = StaZml| + lim 15ta2m = zm|
< plam) + U Sty 2m = Sexmes
< p(zm) + @lig‘ 1St | 1Sts =t Zm-1 = Zm||
< plzm) + lilrc“ 1Stzm—1 — Zml|

= p(am) + P(zm-1)
< (14 )p(zm-1) < (1+ )™ 'p(z0),

it follows that {z,,} is a Cauchy sequence. Let z = lim z,. Since p(z,,) =
limp—oo ||St, Zm — Tm41|| — 0 as m — oo, we see that Sy z — 2 as n — oo.
By continuity and asymptotic regularity of S, we get for each s € G that
Ssz = lim, 5,S:,2 = lim, Ss4¢, 2 = lim, S;,z = 2. This completes the
proof.

0O

Remark. If, in addition, the space X satisfies the nonstrict Opial property,
then Kuczumow (8] was able to relax the Lipschitz condition imposed upon
S by showing that o(S) < 1+ rx(c) is sufficient for the existence of a
common fixed point of S.

Corollary 4.4. Let X be a Banach space such that rx(c) > 0 for some
0 < ¢ < 1,C a weakly compact convex subset of X, and § = {S(t):t > 0}
a semigroup of self-mappings of C which is asymptotically regular on C.
Assume there exists a function k : [0,00) — [0,00), with lim,_., k(t) < 1,
such that for each t > 0,

15(t)z — S(t)yll < k(®)llz -yl V=z,y€C.
Then there is z € C for which S(t)z = z for all t > 0.

Corollary 4.5. Let X and C be as in Corollary 5.4 and T : C — C an
asymptotically nonexpansive mapping (i.e., there exists a sequence {k,}
with Tmnocokn < 1 such that ||T"z — T"y|| < kn|lz - y|| for all
z,y € C and n > 1). Assume T is asymptotically regular on C (i.e.,
limp—oo ||T™" 'z — T"z|| =0 for all z € C). Then T has a fixed point.

Recall that a Banach space X is said to have the weak fixed point prop-
erty (FPP) for nonexpansive mappings if for every nonempty weakly com-
pact convex subset C, every nonexpansive mapping T : C — C has a fixed
point; see the book [5] by Goebel and Kirk for much more.
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Corollary 4.6. If rx(c) > 0 for some 0 < ¢ < 1, then X has the weak
fixed point property for nonexpansive mappings.

Proof. Let C be a weakly compact convex subset of X and T : C —
C a nonexpansive mapping. The averaged mapping S := (I + T)/2 is
asymptotically regular on C (see [4]). Therefore, Theorem 5.3 assures the
existence of a fixed point for S (and for T').

O

In fact, we can prove more than the weak FPP.

Proposition 4.7. If X is a Banach space such that rx(c) > 0 for some
0 < ¢ < 1, then X has the weak normal structure; i.e., for every weakly
compact convex subset K of X consisting of more than one point, there
exists a point z € K for which diam K > rg(K).

Proof. Suppose X fails to have the weak normal structure. Then (cf. [5])
we have a sequence {z,} in X satisfying

z, — 0, lim||z,]| = 1, and diam{z,} = 1.
n

Let K = ©@{z,}. Then K is diametral; i.e., sup ek ||z — y|| = 1 for every
z€ K.Since0e Kand0<c<1,cz, € K for all m > 1. It follows that

m=»00

12 Im |lzn = czmll 2 14 rx(cllzmll) =" 1 + rx(e).

This is a contradiction for rx(c) > 0. O
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