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Abstract. In this article we discuss weak and strong convergence to com
mon fixed points of nonexpansive mappings in a Hilbert space or a Banach 
space. We first deal with weak convergence theorems of Baillon’s type in a 
Hilbert space or a Banach space. Furthermore, we discuss weak and strong 
convergence theorems of Mann’s type in a Banach space. Finally, using these 
results, we discuss the problem of image recovery by convex combinations 
of nonexpansive retractions.

1. Introduction. Let C be a nonempty closed convex subset of a real 
Banach space E. Then a mapping T : C —► C is called nonexpansive if 
||Ta: — Ti/|| < ||a; - y|| for all x,y € C. We denote by F(T) the set of 
fixed points of T. Baillon [1] proved the first nonlinear ergodic theorem for 
nonexpansive mappings in the framework of a Hilbert space: Let C be a 
closed convex subset of a Hilbert space and let T be a nonexpansive mapping 
of C into itself. If the set F(T) is nonempty then for each x G C the Cesaro 
means

5n(x)=-?^ 
n k=0

converge weakly to some y € F(T). In this case, putting y — Px for 
each x E C, P is a nonexpansive retraction of C onto F(T) such that
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PTn = TnP = P for all n = 0,1,2,... and Px 6 ćo {Tnx : n = 0,1,2,...} 
for each x 6 C, where ćo A is the closure of the convex hull of A. In [32, 33, 
34] Takahashi proved the existence of such a retraction - “ergodic retraction”
- for an amenable semigroup of nonexpansive mappings in a Hilbert space. 
Rode [26] also found a sequence of means on the semigroup, generalizing the 
Cesaro means on positive integers, such that the corresponding sequence of 
mappings converges to an ergodic retraction onto the set of common fixed 
points.

These results were extended to a uniformly convex Banach space whose 
norm is Frechet differentiable, in the case when the semigroup is commu
tative, by Hirano, Kido and Takahashi [8]. However, it has been an open 
problem whether Takahashi’s result and Rode’s result can be fully extended 
to such a Banach space for an amenable semigroup; see [37]. On the other 
hand, Mann [20] introduced an iteration procedure for approximating fixed 
points of a mapping T in a Hilbert space as follows: ii = x € C and

*n+l = ttnZn + (1 - an)Tx„ for 71 > 1,

where {an} is a sequence in [0,1]. Later, Reich [24] discussed this iteration 
procedure in a uniformly convex Banach space whose norm is Frechet dif
ferentiable and obtained that the iterates {zn} converge weakly to a fixed 
point of T under E^LjOn(l - an) = oo. Recently, Tan and Xu [44] proved 
the following interesting result which generalizes the result of Reich [24]: 
Let C be a bounded closed convex subset of a uniformly convex Banach 
space E which satisfies Opial’s condition or whose norm is Frechet differen
tiable and let T be a nonexpansive mapping of C into itself. Then for any 
initial data zj in C, the iterates {zn} defined by

«n+i = <*nT[PnTxn -I- (1 - Pn)xn\ + (1 - o„)zn for n > 1,

where {a„} and {f3n} are chosen so that E“=1on(l - on) = oo, 
£5£=i/?n(l “ Qn) < oo and lim supn_>0O/3n < 1, converge weakly to a fixed 
point of T.

Using a nonlinear ergodic theorem [23], Crombez [4] considered the prob
lem of image recovery. Let H be a Hilbert space, let Ci,C2,... ,Cr be 
nonempty closed convex subsets of H and let I be the identity operator on 
H. Then the problem of image recovery in a Hilbert space setting may be 
stated as follows: The original (unknown) image z is known a priori to be
long to the intersection Co of r well-defined sets Ci,C2,... ,Cr in a Hilbert 
space; given only the metric projections P, of H onto C,(t = 1,2,... ,r), 
recover z by an iterative scheme. Crombez [4] proved the following: Let 
T = a0I + Ef.jQ.Ti with Tj = / + A^Pj - /) for all t, 0 < A< < 2, a, > 0
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for t = 0,1,2,... , r, £-_oaj = 1, where each P, is the metric projection of 
H onto Ci and Co = (~l[=1Ci is nonempty. Then, starting from an arbitrary 
element x of H, the sequence {Tnx} converges weakly to an element of 
Co. Lateron, Kitahara and Takahashi [14] dealt with the problem of im
age recovery by convex combinations of sunny nonexpansive retractions in 
uniformly convex Banach spaces.

In this article, we first state nonlinear ergodic theorems of Baillon’s type 
for nonlinear semigroups of nonexpansive mappings. In particular, we state 
nonlinear ergodic theorems which answer affirmatively the problem posed 
during the Second World Congress on Nonlinear Analysis, Athens, Greece, 
1996; see [37]. Next, we deal with weak and strong convergence theorems 
of Mann’s type in a Banach space. Finally, using these results, we consider 
the problem of image recovery by convex combinations of nonexpansive 
retractions.

2. Preliminaries. Let E be a Banach space and let C be a nonempty 
closed convex subset of E. Then a mapping T of C into E is said to be 
nonexpansive if HTx — Ty|| < ||x — y|| for every x, y € C. Let T be a mapping 
of C into E. Then we denote by P(T) the set of fixed points of T and by 
R(T) the range of T. A mapping T of C into E is said to be asymptotically 
regular if for every x £ C, Tnx — Tn+*x converges to 0. Let D be a subset 
of C and let P be a mapping of C into D. Then P is said to be sunny if

P(Px + t(x - Px)) = Px

whenever Px + t(x - Px) € C for x £ C and t > 0. A mapping P of C 
into C is said to be a retraction if P2 = P. If a mapping P of C into C is 
a retraction, then Pz = z for every z £ P(P). A subset D of C is said to 
be a sunny nonexpansive retract of C if there exists a sunny nonexpansive 
retraction of C onto D.

Let £ be a Banach space. Then, for every e with 0 < £ < 2, the modulus 
0(f) of convexity of E is defined by

6(e) = inf {1 - ||^y^|| : 11*11 < Ill'll II* “ I'll > £}-

A Banach space E is said to be uniformly convex if 0(e) > 0 for every e > 0. 
E is also said to be strictly convex if ||x + j/|| < 2 for x, y £ E with ||x|| < 1, 
||y|| < 1 and x y. A uniformly convex Banach space is strictly convex. A 
closed convex subset C of a Banach space E is said to have normal structure 
if, for each closed convex bounded subset K of C which contains at least two 
points, there exists an element of K which is not a diametral point of K.
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It is well known that a closed convex subset of a uniformly convex Banach 
space has normal structure and a compact convex subset of a Banach space 
has normal structure [35]. We also know the following

Theorem 2.1 [13]. Let E be a reflexive Banach space and let C be a 
nonempty bounded closed convex subset of E which has normal structure. 
Let T be a nonexpansive mapping of C into itself. Then F(T) is nonempty.

Let £ be a Banach space and let E* be its dual, that is the space of 
all continuous linear functionals x* on E. For every x € E and x* G E*, 
(a;,#*) means the value of x* at x. With each x G E we associate the set

J(®) = G £* : (®,x*) = ||x||2 = ||a:*||2}.

From the Hahn-Banach theorem it follows immediately that J(x) <j> for 
any x G E. Then the multivalued operator J : E —> E* is called the duality 
mapping of E. Let U = {x G E : ||a:|| = 1} be the unit sphere of E. Then 
the norm of E is said to be Gateaux differentiable (and E is said to be 
smooth) if

Um Ik -Ky|| - ||x||
t->0 t

exists for all x and y in U. It is said to be Frechet differentiable if for each 
x in U, this limit is attained uniformly for y in U. It is also said to be 
uniformly Frechet differentiable (and E is said to be uniformly smooth) if 
the limit is attained uniformly for x,y in U. It is well known that if E is 
smooth, then the duality mapping J is single-valued. We also know that if 
E has a Frechet differentiable norm, then J is norm to norm continuous. 
A Banach space E is said to satisfy Opial’s condition [23] if xn x and 
x y imply lim^oo inf ||xn - ®|| < liminf„_0o ||xn - j/||, where denotes 
the weak convergence.

3. Convergence theorems of Baillon’s type. The first nonlinear er
godic theorem for nonexpansive mappings was established in 1975 by Baillon 
[1] in the framework of a Hilbert space.

Theorem 3.1 [1]. Let C be a closed convex subset of a Hilbert space H 
and let T be a nonexpansive mapping of C into itself. If the set F(T) 
of fixed points ofT is nonempty, then for each x G C, the Cesaro means 
Sn(x) = ± TkX converge weakly to some y G F(T).

This theorem was extended by Bruck [3] and Reich [24] to a uniformly 
convex Banach space whose norm is Frechet differentiable.
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Theorem 3.2 [3], [24]. Let C be a closed convex subset of a uniformly 
convex Banach space E with a Frechet differentiable norm. If T : C —> C 
is a nonexpansive mapping with a fixed point, then the Cesaro means of

converge weakly to a fixed point ofT.

We first extend these theorems to a nonlinear semigroup of nonexpansive 
mappings in a Hilbert space or a Banach space. Let S be a semitopological 
semigroup, i.e., a semigroup with Hausdorff topology such that for each 
s € S, the mappings t ts and t st of S into itself are continuous. Let 
B(S) be the Banach space of all bounded real valued functions on S with 
supremum norm and let X be a subspace of B(S) containing constants. 
Then, an element p of X* (the dual space of X) is called a mean on X if 
H^ll = /z(l) = 1. For each s € S and f £ 5(5), we define elements faf and 
rsf of 5(5) given by

(4/)(*) = /(^) and {r>f} = f(ts)

for all t £ S. Let (7(5) be the Banach space of all bounded continuous 
real valued functions on S and let RUC(S} be the space of all bounded 
right uniformly continuous functions on S, i.e., all f € C(5) such that the 
mapping s rsf is continuous. Then RUC(S) is a closed subalgebra of 
(7(5) containing constants and invariant under and r,, s £ S; see [21] 
for more details. Let {pa : a £ 4} be a net of means on RUC(S). Then 
{pa £ 4} is said to be asymptotically invariant if for each f £ RUCKS') and 
s e S,

Pot(f) ~ Paf/sf) d and ~ Ra(rsf) “* 0.

Let us give an example of asymptotically invariant nets. Let S = {0,1,2,...}. 
Then for f = (xo,®l»---) £ 5(5) and n £ TV, the real valued function pn 
defined by

1 ”_1
Mn(/) = ~HXk 

k=Q
is a mean. Furthermore, since for f = (xo, «i,...) € 5(5) and m £ N

~ Mn(rm/)l —
1 n-1 . n-1

- 52 Xk----^2Xk+
n fro n

< — - 2Tn||/|| -> 0, n

as n oo, {pn} is an asymptotically invariant net of means.
Let 5 be a semitopological semigroup and let C be a nonempty subset of

a Banach space E. Then a family S = {T. : s £ 5} of mappings of C into 
itself is called a nonexpansive semigroup on C if it satisfies the following:
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(i) Tatx = TaTtx for all s,t 6 S and x G C;
(ił) for each x 6 C, the mapping s >-> Tsx is continuous;

(iii) for each 5 € S, Ts is a nonexpansive mapping of C into itself.
For a nonexpansive semigroup S = {Ta : s 6 S} on C, we denote by F(<S) 

the set of common fixed points of Ta,s € S. If C is a nonempty subset of 
a Hilbert space H and S = {Ta : 5 £ 5} is a nonexpansive semigroup on C 
such that {Tax : s 6 5} is bounded for some x 6 C, then we know that for 
each u € C and v € H, the functions /(t) = \\Ttu - n||2 and g(F) = (TtU,v) 
are in RUC(S). Let p be a mean on RUC(S). Then since for each x € C 
and y € H, the real valued function t i-> (Ttx,y) is in RUC(S), we can 
define the value pt(FfX, y) of p at this function. By linearity of p and of the 
inner product, this is linear in y, moreover, since

|Mt(T(a:, j/)| < ||p|| • sup |(T,x, j/)| < (sup \\Ttx||) • ||y||, 
t t

it is continuous in y. So, by the Riesz theorem, there exists an xo 6 H such 
that

Pt(Ttx,y) = (xo,jz)

for every y 6 H. We denote such an x0 by see [32, 35] for more details.
We can now state a nonlinear ergodic theorem for noncommutative semi

groups of nonexpansive mappings in a Hilbert space.

Theorem 3.3 [36]. Let C be a nonempty subset of a Hilbert space H and 
let S be a semitopological semigroup such that RUC(S) has an invariant 
mean. Let S = {Tt : t € 5} be a nonexpansive semigroup on C such that 
{Ttx : t € 5} is bounded and ns6Sco{T3ti : t £ S} C C for some x e C. 
Then, F(5) </>. Further, for an asymptotically invariant net {pa : a € A} 
of means on RUC(S), the net {T^ax : a (E A) converges weakly to an 
element xo € F(5).

Using Theorem 3.3, we have Theorem 3.1. By the same method, we can 
prove the following nonlinear ergodic theorems:

Theorem 3.4. Let C be a closed convex subset of a Hilbert space H and 
let T be a nonexpansive mapping of C into itself. If F(T) is nonempty, then 
for each x € C,

OO
Sr(x) = (l-r)£rfc2S;, 

fc=o
converges weakly to an element y £ F(T) as r j 1.
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Theorem 3.5. Let C be a closed convex subset of a Hilbert space H and 
let S = {5(f) : t £ [0,oo)} be a nonexpansive semigroup on C. If F(S) is 
nonempty, then for each x € C,

S\(x) = - J S(t)xdt,

converges weakly to an element y 6 F(S) as A —> oo .

Next, we state a nonlinear ergodic theorem for nonexpansive semigroups 
in a Banach space. Before stating it, we give a definition. A net {/za} 
of continuous linear functionals on RUC(S) is called strongly regular if it 
satisfies the following conditions:

(i) sup ||/xa|| < +oo;
Of

(ii) lim/xo(l) = 1;
Of

(iii) lim \\pa — r*pa || = 0 for every s € S.
a

Theorem 3.6 [8]. Let S be a commutative semitopological semigroup and 
let E be a uniformly convex Banach space with a Frechet differentiable 
norm. Let C be a nonempty closed convex subset of E and let S = {Tt : t £ 
S} be a nonexpansive semigroup on C such that F(S) is nonempty. Then 
there exists a unique nonexpansive retraction P of C onto FIS') such that 
PTt = TtP - P for every t € S and Px 6 co{Ttx : t € 5} for every x e C. 
Further, if {/xa} is a strongly regular net of continuous linear functionals on 
RUC(S), then for each x € C, T^TtX converges weakly to Px uniformly 
in t E S.

We didn’t know whether Theorem 3.6 would hold in the case when S is 
noncommutative (cf. [37]). Recently, Lau, Shioji and Takahashi [16] solved 
the problem as follows:

Theorem 3.7 [16]. Let C be a closed convex subset of a uniformly convex 
Banach space E, let S be a semitopological semigroup which RUC(S) has an 
invariant mean, and let S = {Tt : t e S} be a nonexpansive semigroup on C 
with F(S) / 0. Then there exists a nonexpansive retraction P from C onto 
F(S) such that PTt = TtP = P for each t € S and Px 6 ćd{Ttx : t G 5} 
for each x € C.

This is a generalization of Takahashi’s result [32] for an amenable semi
group of nonexpansive mappings on a uniformly convex Banach space. Fur
thermore, they extended Rode’s result [26] to an amenable semigroup of 
nonexpansive mappings on a uniformly convex Banach space whose norm 
is Frechet differentiable.
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Theorem 3.8 [16]. Let E be a uniformly convex Banach space with a 
Frechet differentiable norm and let S be a semitopological semigroup. Let 
C be a closed convex subset of E and let S = {Tt : t € S} be a nonexpansive 
semigroup on C with F(S) </>. Suppose that RUC(S) has an invariant 
mean. Then there exists a unique nonexpansive retraction P from C onto 
F(S) such that PTt = TtP = P for each t £ S and Px E co{Ttx : t € 5} 
for each x E C. Further, if {pa} is an asymptotically invariant net of means 
on X, then for each x € C, {T^x} converges weakly to Px.

To prove Theorem 3.8, they used Theorem 3.7 and the following lemma 
which has been proved in Lau, Nishiura and Takahashi [15].

Lemma 3.9 [15]. Let E be a uniformly convex Banach space with a 
Frechet differentiable mean and let S be a semitopological semigroup. Let 
C be a closed convex subset of E and let S = {Tt : t E S} be a non
expansive semigroup on C with F(S) </>. Then, for each x € C, 
F(S) fl C\sescb{Ttax : t E £} consists of at most one point.

The following theorem has been proved in Takahashi [32] and Lau, Nishiu
ra and Takahashi [15] when E is a Hilbert space.

Theorem 3.10 [16]. Let E be a uniformly convex Banach space with a 
Frechet differentiable mean and let S be a semitopological semigroup. Let 
C be a closed convex subset of E and let S = {Tt : t E 5} be a nonexpansive 
semigroup on C with F(S) 0. Suppose that for each x E C, F(S) D 
r]a^scb{Ttsx : t E S} is nonempty. Then there exists a nonexpansive 
retraction P from C onto F(S) such that PTt = TtP = P for each t E S 
and Px E co{TtX :t£S} for each x E C.

4. Convergence theorems of Mann’s type. Reich [24] discussed the 
iteration procedure introduced by Mann [20] in a uniformly convex Banach 
space whose norm is Frechet differentiable and obtained the following

Theorem 4.1 [24]. Let C be a closed convex subset of a uniformly convex 
Banach space E with a Frechet differentiable norm, let T : C —> C be a 
nonexpansive mapping with a fixed point, and let {cn} be a real sequence 
such that 0 < cn < 1 and ££^„(1 - cn) = oo. If E C and

xn+i = cnTxn -I- (1 - cn)xn for n > 1, 
then {a:n} converges weakly to a fixed point ofT.

This theorem has been known for those uniformly convex Banach spaces 
that satisfy Opial’s condition (cf. [7]). Tan and Xu [44] proved the following 
interesting result which generalizes the result of Reich [24].
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Theorem 4.2 [44]. Let C be a closed convex subset of a uniformly convex 
Banach space E which satisfies Opial’s condition, or whose norm is Frechet 
differentiable and let T : C —► C be a nonexpansive mapping with a fixed 
point. Then for any initial data xi in C, the iterates {a;n} defined by

*n+i = otnT[(3nTxn + (1 - + (1 - otn)xn for n > 1,

where {on} anti {/?„} are chosen so that E^L1a„(l - an) = oo, 
- q„) < oo , lim supn_<00 (3n < 1, converge weakly to a fixed

point ofT.

To prove Theorem 4.2, Tan and Xu [44] used the following two lemmas.

Lemma 4.3 [24], [40]. Let C be a nonempty closed convex subset of a 
uniformly convex Banach space E with a Frechet differentiable norm and 
let {7i,72,73,...} be a sequence of nonexpansive mappings of C into C 
such that n^_iF(Tn) is nonempty. Let x G C and put Sn = TnTn_x ...Ti 
for n > 1. Then, the set U (~l n^.jćo{5ma; : m > n} consists of at most one 
point, where U = C\'%’-lF(Tn').

Lemma 4.4 [27]. Let E be a uniformly convex Banach space, let {Zn} he 
a real sequence such that 0<b<tn<c<l for n > 1 and let a > 0. Sup
pose that {xn} and {j/n} are sequences of E such that lim sup^^ ||arnJ| < 
a, lim supn_>oo < a and limn_oo ||*n*n + (1 - <n)i/„|| = Then
limn_oo ||x„ - j/n|| = 0.

Takahashi and Kim [40] also proved the following

Theorem 4.5 [40]. Let E be a uniformly convex Banach space E which 
satisfies Opial’s condition, or whose norm is Frechet differentiable, let C be 
a nonempty closed convex subset of E, and let T : C —> C be a nonexpansive 
mapping with a fixed point. Suppose x\ € C, and {£n} given by

Xn+i = anT[0nTxn + (1 - /3„)x„] + (1 - an)xn for all n > 1,

where {crn} and {/3n} are chosen so that otn G [a, h] and 0n G [0,6] or 
an G [a, 1] and f3n G [a,&] for some a,b with 0 < a < b < 1. Then [in] 
converges weakly to a fixed point ofT.

Motivated by Theorems 3.2 and 3.5, Suzuki and Takahashi [29] obtained 
the following theorem:
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Theorem 4.6 [29]. Let C be a nonempty closed convex subset of a uni
formly convex Banach space E which satisfies Opial’s condition, or whose 
norm is Frechet differentiable. Let T be a nonexpansive mapping from C 
into itself with a fixed point. Suppose that {x„} is given by x^ E C and

xn+i = anT[0nTxn + (1 - /3„)x„] + (1 - an)xn for all n > 1,

where {on} and {/3n} are sequences in [0,1] such that E^=1an(l — Qn) = 
oo and lim supn_^oo /3n < 1, or Z™=lan(3n = oo and lim sup^^/3„ < 1. 
Then {xn} converges weakly to a fixed point ofT.

To prove Theorem 4.6, Suzuki and Takahashi [29] used the following two 
lemmas. Before stating them, we give two notations. We denote by N 
the set of positive integers. Let I be an infinite subset of N. If {An} is 
a sequence of nonnegative numbers, then we denote by {A,- : i E 1} the 
subsequence of {An}.

Lemma 4.7 [29]. Let {An} and {pn} be sequences of nonnegative numbers 
such that S^_1An = oo and S^=1\npn < oo. Then fore > 0, there exists an 
infinite subset I of N such that E{Aj : j E N\J} < £ and the subsequence 
{pi : i E 1} of {pn} converges to 0.

Lemma 4.8 [29]. Let {An} and {pn} fie sequences of nonnegative numbers 
such that An+i < An + pn for all n E N. Suppose there exists a subsequence 
{pi ■ i E 1} of {pn} such that pi 0, A< -> a and T,{pj : j E N\/} < oo. 
Then An —> a.

Compare Theorem 4.6 with Theorem 4.2 of Tan and Xu [44]. This in
dicates that the assumption - on) < oo in Theorem 4.2 is su
perfluous. We do not know whether the assumptions X£°=1an/3n = oo and 
lim supn_>00 (3n < 1 in Theorem 4.6 are replaced by - /3n) = oo
and lim inf,^,*, an > 0. We also know the following strong convergence the
orem which is connected with Rhoades [25], Tan and Xu [44], and Takahashi 
and Kim [40].

Theorem 4.9 [28]. Let E be a strictly convex Banach space, let C be a 
nonempty closed convex subset of E, and let T : C -> C be a nonexpansive 
mapping for which T(C) is contained in a compact subset of C. Suppose 
xi E C, and {xn} C C is given by

xn+l — (*nT\finTxn + (1 — /3n)a:n] + (1 — «n)®n for n > 1,
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where {an} and {/?„} are chosen so that E^Ljan(l - an) = oo and 
lim < 1, or ££°=1/3n(l - /3n) = oo and liminf„_oo an > 0. Then
{x„} converges strongly to a fixed point ofT.

Let C be a closed convex subset of a Banach space E, and let T,S be 
selfmaps on C. Then Das and Debata [5] considered the following iteration 
scheme: zj G C, and

2-n+l — Xn "b ( 1 Z^n)^-n] T (1 ®n)xn ^OT 71 > 1,

where {«„} and {/3n} are real sequences in [0,1]. They proved a strong 
convergence theorem concerning Roades’ result [25]. Takahashi and Tamura 
[43] obtained the following weak convergence theorem.

Theorem 4.10 [43]. Let E be a uniformly convex Banach space E which 
satisfies Opial’s condition, or whose norm is Frechet differentiable, let C be a 
nonempty closed convex subset of E, and let S,T : C —> C be nonexpansive 
mappings such that F(S) n F(T) is nonempty. Suppose xi G C, and {in} 
is given by

Xn+l = OtnS[(3nTxn + (1 - /?n)«n] + (1 ~ for TI > 1,

where {an} and {/?„} are chosen so that an,f3n G [a,h] for some a,b with 
0 < a < h < 1. Then {i„} converges weakly to a common fixed point of S 
and T.

Further, Takahashi and Tamura [43] obtained the following

Theorem 4.11 [43]. Let C be a nonempty closed convex subset of a uni
formly convex Banach space E, and let S,T : C —> C be nonexpansive 
mappings such that F(S) D F(T) is nonempty. Let P be the metric projec
tion of E onto F(S) D F(T), suppose xx G C and {x„} is given by

X„+1 = anS[finTxn + (1 - /?„)xn] + (1 - «n)in for n > 1,

where {o„} and {/?„} are real sequences in [0,1]. Then {Fx„} converges 
strongly to a common fixed point of S and T.

To apply convergence theorems of Mann’s type to the problem of image 
recovery, we need to extend Theorem 4.10 to the following
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Theorem 4.12 [38]. Let E be a uniformly convex Banach space E which 
satisfies Opial’s condition, or whose norm is Frechet differentiable, let C be 
a nonempty closed convex subset of E, and let {Tj,T2,... ,Tm} be finite 
nonexpansive mappings of C into itself such that n™=1 F(Tn) is nonempty. 
Let a,b be real numbers with 0 < a < b < 1 and suppose x\ € C, and {xn} 
is given by xn+i = Unmxn for n > 1, where

Unl%n — ^nl^l^-n 4" (1 ®nl)^-n,
Unl^n ~ ^712^2 FnjXn 4" (1 ~ ^tn2)^ni

Unm — l^n — (^nm—\rL'm — \Unm—2Xn 4” (1 Olnm—l)^n»
Unm^n ~~ nm-l^n 4" (1

and otni,an2,... ,anm 6 [a,b] for n > 1. Then {i„} converges weakly to 
a common fixed point ofTi,T2,... ,Tm.

5. Applications. In this section, we first deal with weak convergence 
theorems which are connected with the problem of image recovery in a 
Banach space setting. Using Theorem 3.9, or Lemma 4.3, we can prove the 
following result.

Theorem 5.1 [14]. Let E be a uniformly convex Banach space with a 
Frechet differentiable norm, and let C be a nonempty closed convex subset 
of E. Let T be an asymptotically regular nonexpansive mapping of C into 
itself with F(T) </>. Then, for each x € C, {Tna:} converges weakly to an 
element of F(T).

We can also prove the following lemma by using Edelstein and O’Brien 
[6].

Lemma 5.2. Let E be a Banach space and let C be a nonempty convex 
subset of E. Let S be a mapping on C given by S = /30I + £f=1 0tSi, 
0 < f3i < 1, i = 0,1,... , r, 53<=o Pi = b such that each Sj is nonexpansive 
on C and n[=1F(5i) is nonempty. Then S is asymptotically regular on C.

Using Theorem 5.1 and Lemma 5.2, we can prove the first weak conver
gence theorem for nonexpansive mappings given by convex combinations of 
retractions.
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Theorem 5.3 [42]. Let E be a uniformly convex Banach space with a 
Frechet differentiable norm and let C be a nonempty convex subset of E. 
Let CX,C2,... ,CT be nonexpansive retracts of C such that
Let T be a mapping on C given by T = E[=1a,Tj, 0 < a, < 1, E[=1o,- = 1, 
such that for each i, Ti = (1 - AJ/ + A<Pj, 0 < A< < 1, where Pi is a 
nonexpansive retraction of C onto Ci. Then, F(T) = n[=1Ci and further, 
for each x 6 C, {Tnx} converges weakly to an element of n[=1C,-.

In this section, we also consider the problem of image recovery to the 
situation where the constraints are inconsistent.

Theorem 5.4 [42]. Let E be a reflexive Banach space and let C be a 
nonempty closed convex subset of E which has normal structure. Let 
Ci,C2,... ,Cr be nonempty bounded nonexpansive retracts of C. Let T 
be a mapping on C given by T = T,rt=1a,Ti, 0 < a,- < 1, t = 1,... ,r, 
E[=1ai = 1, such that for each i, Ti = (1 - A,)/ + A,Pi, 0 < Aj < 1, where 
Pi is a nonexpansive retraction of C onto Ci. Then F(T) is nonempty. Fur
ther, assume that E is strictly convex and DjLjCj = </>. Then F(T)nCi = <t> 
for some i.

Let C and D be nonempty convex subsets of a Banach space E. Then 
we denote by icD the set of z £ D such that for any x E C, there exists 
Ae (0,1) with Xx + (1 - X)z € D and by dcD the set of z 6 D such that 
there exists x € C with Xx + (1 - X)z $ D for all A E (0,1).

Theorem 5.5 [42]. Let E be a strictly convex and reflexive Banach space 
and let C be a nonempty closed convex subset of E which has normal 
structure. Let Cx,C2,... ,Cr be nonempty bounded sunny nonexpansive 
retracts of C such that for each i, an element of dcCi is an extreme point 
of Ci. Let T be a mapping on C given by T = Y,ri=lotiTi, 0 < Oj < 1, 
i = 1,... ,r, SJLjO,- = 1, such that for each i, T = (1 - A,)/ + A,P,, 
0 < A, < 1, where Pi is a sunny nonexpansive retraction of C onto Ci. If 
n[=1C,- is empty, then F(T) consists of one point.

Finally, we discuss the problem of image recovery by using Theorem 4.12. 
Before doing it, we give a definition. Let C be a closed convex subset of 
a Banach space E. Let TX,T2,... ,Tr be finite mappings of C into itself 
and let ax,a2,... ,ar be real numbers such that 0 < o< < 1 for every 
i = 1,2,... , r. Then, we define a mapping W of C into itself as follows:

Ux = otxTx + (1 — <*i)A 
Ux = a2T2Ux + (1 — a2)I,
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Ur-i = ar-iTr-\Ur-2 + (1 — or-i)A 
W = arTrUr.x + (1 - ar)L

Such a mapping W is called the W-mapping generated by Ti,T2,... ,Tr 
and oq, a2,... »ar-

Lemma 5.6 [38]]. Let C be a closed convex subset of a Banach space 
E. Let Ti,T2, ... ,Tr be nonexpansive mappings of C into itself such that 
f}ri=lF(Ti) is nonempty and let ai,o2,... ,ar be real numbers such that 0 < 
a, < 1 for every i = 1,2,... , r. Let W be the W-mapping of C into itself 
generated by Ti,T2,... ,Tr and «i,a2,... ,ar. Then W is asymptotically 
regular. Further, if E is strictly convex, F(W) = n[=1F(Tj).

Using Lemma 5.6 and Theorem 5.1, we have the following theorem.

Theorem 5.7 [38]. Let E be a uniformly convex Banach space E with a 
Frechet differentiable norm and let C be a closed convex subset of E.
Let Tx,T2,... ,Tt be nonexpansive mappings of C into itself and let 
cti, a2,... ,ar be real numbers such that 0 < Qj < 1 for every i = 1,2,... , r. 
Let W be the W-mapping of C into itself generated by T\,T2,... ,Tr and 
«i,a2,... ,otr. Then, for each x 6 C, {lVna:} converges weakly to an 
element ofP)[=1 F(Tj).

As a direct consequence of Theorem 5.7, we have the following theorem.

Theorem 5.8 [38]. Let E be a uniformly convex Banach space with a 
Frechet differentiable norm. Let Ci,C2,... ,Cr be nonexpansive retracts 
of C such that n[=1Ci / <f>. Let W be the W-mapping of C into itself 
generated by Pi,P2,... ,Pr and oq, o2,... ,ar, where Pi is a nonexpansive 
retraction of C onto Ci and 0 < a< < 1 for every i = 1,2,... ,r. Then for 
each x 6 C, {lUna:} converges weakly to an element of
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