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ABSTRACT. In this article we discuss weak and strong convergence to com-
mon fixed points of nonexpansive mappings in a Hilbert space or a Banach
space. We first deal with weak convergence theorems of Baillon’s type in a
Hilbert space or a Banach space. Furthermore, we discuss weak and strong
convergence theorems of Mann’s type in a Banach space. Finally, using these
results, we discuss the problem of image recovery by convex combinations
of nonexpansive retractions.

1. Introduction. Let C be a nonempty closed convex subset of a real
Banach space E. Then a mapping T : C — C is called nonezpansive if
Tz — Ty|| < ||z — y|| for all z,y € C. We denote by F(T) the set of
fixed points of T. Baillon [1] proved the first nonlinear ergodic theorem for
nonexpansive mappings in the framework of a Hilbert space: Let C be a
closed convex subset of a Hilbert space and let T' be a nonexpansive mapping
of C into itself. If the set F(T') is nonempty then for each z € C the Cesaro

means =i
1

Sn(z) T S—‘ T*z
" k=0

converge weakly to some y € F(T). In this case, putting y = Pz for
each z € C, P is a nonexpansive retraction of C' onto F(T) such that



278 W. Takahashi

PT" =T"P = Pforalln=0,1,2,... and Pz € @{T"z:n=0,1,2,...}
for each z € C, where ©06 A is the closure of the convex hull of A. In [32, 33,
34] Takahashi proved the existence of such a retraction - “ergodic retraction”
- for an amenable semigroup of nonexpansive mappings in a Hilbert space.
Rodé [26] also found a sequence of means on the semigroup, generalizing the
Cesaro means on positive integers, such that the corresponding sequence of
mappings converges to an ergodic retraction onto the set of common fixed
points.

These results were extended to a uniformly convex Banach space whose
norm is Fréchet differentiable, in the case when the semigroup is commu-
tative, by Hirano, Kido and Takahashi [8]. However, it has been an open
problem whether Takahashi’s result and Rodé’s result can be fully extended
to such a Banach space for an amenable semigroup; see [37]. On the other
hand, Mann [20] introduced an iteration procedure for approximating fixed
points of a mapping T in a Hilbert space as follows: z; = z € C and

Zp41 = @nZn+ (1 — ay)Tz, for n>1,

where {a,} is a sequence in [0,1]. Later, Reich [24] discussed this iteration
procedure in a uniformly convex Banach space whose norm is Fréchet dif-
ferentiable and obtained that the iterates {z,} converge weakly to a fixed
point of T under £32,a,(1 — a,) = 0o0. Recently, Tan and Xu [44] proved
the following interesting result which generalizes the result of Reich [24]:
Let C be a bounded closed convex subset of a uniformly convex Banach
space E which satisfies Opial’s condition or whose norm is Fréchet differen-
tiable and let T be a nonexpansive mapping of C into itself. Then for any
initial data z; in C, the iterates {z,} defined by

Tnyr = anT[BrTzn + (1 - Br)z,a] + (1 — an)z, forn > 1,

where {a,} and {B,} are chosen so that £2  a,(1 - a,) = o0,
¥o2182(1 — ap) < 00 and limsup,_, ., B, < 1, converge weakly to a fixed
point of T'.

Using a nonlinear ergodic theorem (23], Crombez [4] considered the prob-
lem of image recovery. Let H be a Hilbert space, let Cy,Cs,...,C, be
nonempty closed convex subsets of H and let / be the identity operator on
H. Then the problem of image recovery in a Hilbert space setting may be
stated as follows: The original (unknown) image z is known a priori to be-
long to the intersection Cy of r well-defined sets Cy,C3,...,C, in a Hilbert
space; given only the metric projections P; of H onto Ci(i = 1,2,...,7),
recover z by an iterative scheme. Crombez [4] proved the following: Let
T = aol + E‘T:la,-T; with T; = I 4 /\,'(P.' = I) forall 1,0 < \; < 2,a; >0



Weak and Strong Convergence Theorems ... 279

fori=0,1,2,...,r, £]_ga; = 1, where each P, is the metric projection of
H onto C; and Cy = N[_, C; is nonempty. Then, starting from an arbitrary
element z of H, the sequence {T"z} converges weakly to an element of
Co. Lateron, Kitahara and Takahashi [14] dealt with the problem of im-
age recovery by convex combinations of sunny nonexpansive retractions in
uniformly convex Banach spaces.

In this article, we first state nonlinear ergodic theorems of Baillon’s type
for nonlinear semigroups of nonexpansive mappings. In particular, we state
nonlinear ergodic theorems which answer affirmatively the problem posed
during the Second World Congress on Nonlinear Analysis, Athens, Greece,
1996; see [37]. Next, we deal with weak and strong convergence theorems
of Mann’s type in a Banach space. Finally, using these results, we consider
the problem of image recovery by convex combinations of nonexpansive

retractions.

2. Preliminaries. Let E be a Banach space and let C be a nonempty
closed convex subset of £. Then a mapping T of C into E is said to be
nonezpansiveif | Tz —Ty|| < ||z—y|| for every z,y € C. Let T be a mapping
of C into E. Then we denote by F(T') the set of fixed points of T and by
R(T) the range of T. A mapping T of C into E is said to be asymptotically
regular if for every z € C, T"z — T"*!z converges to 0. Let D be a subset
of C and let P be a mapping of C into D. Then P is said to be sunny if

P(Pz + t(z — Pz)) = Pz

whenever Pz + t(z — Pz) € C forz € C and t > 0. A mapping P of C
into C is said to be a retraction if P2 = P. If a mapping P of C into C is
a retraction, then Pz = z for every z € R(P). A subset D of C is said to
be a sunny nonezpansive retract of C if there exists a sunny nonexpansive

retraction of C onto D.
Let E be a Banach space. Then, for every ¢ with 0 < ¢ < 2, the modulus

6(¢) of convezity of E is defined by

(e) = inf {1~ | S22l < 1, lull < 1, Y = il 2 €}
A Banach space E is said to be uniformly convez if é(¢) > 0 for every ¢ > 0.
E is also said to be strictly convezif ||z + y|| < 2 for z,y € E with ||z|| < 1,
ly| < 1and z #y. A uniformly convex Barlach space is strictly convex. A
closed convex subset C of a Banach space E is said to have normal structure
if, for each closed convex bounded subset K of C which contains at least two
points, there exists an element of A which is not a diametral point of K.
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It is well known that a closed convex subset of a uniformly convex Banach
space has normal structure and a compact convex subset of a Banach space
has normal structure [35]. We also know the following

Theorem 2.1 [13]. Let E be a reflexive Banach space and let C be a
nonempty bounded closed convex subset of E which has normal structure.
Let T be a nonexpansive mapping of C into itself. Then F(T) is nonempty.

Let F be a Banach space and let E* be its dual, that is the space of
all continuous linear functionals z* on E. For every z € F and z* € E~,
(z,z") means the value of z* at z. With each z € E we associate the set

J(z) = {z" € E* : (z,2") = ||z|” = [|="||"}-

From the Hahn-Banach theorem it follows immediately that J(z) # ¢ for
any z € E. Then the multivalued operator J : E — E* is called the duality
mapping of E. Let U = {z € E : ||z|| = 1} be the unit sphere of E. Then
the norm of E is said to be Gateaur differentiable (and E is said to be
smooth) if

lim |

t—0
exists for all z and y in U. It is said to be Fréchet differentiable if for each
z in U, this limit is attained uniformly for y in U. It is also said to be
uniformly Fréchet differentiable (and E is said to be uniformly smooth) if
the limit is attained uniformly for z,y in U. It is well known that if E is
smooth, then the duality mapping J is single-valued. We also know that if
E has a Fréchet differentiable norm, then J is norm to norm continuous.
A Banach space E is said to satisfy Opial’s condition [23] if z, — z and
z # y imply lim,_ o inf ||z, — z|| < liminf,_ ||z, — y||, where — denotes
the weak convergence.

|z + tyll - ll=
t

3. Convergence theorems of Baillon’s type. The first nonlinear er-

godic theorem for nonexpansive mappings was established in 1975 by Baillon
(1] in the framework of a Hilbert space.

Theorem 3.1 [1]. Let C be a closed convex subset of a Hilbert space H

and let T be a nonexpansive mapping of C into itself. If the set F(T)
of fixed points of T is nonempty, then for each z € C, the Cesiro means
Sn(z) = L 120 T*z converge weakly to some y € F(T).

This theorem was extended by Bruck [3] and Reich [24] to a uniformly
convex Banach space whose norm is Fréchet differentiable.
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Theorem 3.2 [3], [24]. Let C be a closed convex subset of a uniformly
convex Banach space E with a Fréchet differentiable norm. If T : C — C
is a nonexpansive mapping with a fixed point, then the Cesiro means of
{T"x} converge weakly to a fixed point of T

We first extend these theorems to a nonlinear semigroup of nonexpansive
mappings in a Hilbert space or a Banach space. Let S be a semitopological
semigroup, i.e., a semigroup with Hausdorff topology such that for each
s € S, the mappings t ~ ts and t > st of S into itself are continuous. Let
B(S) be the Banach space of all bounded real valued functions on S with
supremum norm and let X be a subspace of B(S) containing constants.
Then, an element g of X* (the dual space of X) is called a mean on X if
[lel] = u(1) = 1. For each s € S and f € B(S), we define elements ¢, f and

rsf of B(S) given by
(Zsf)(t) = f(st) and (rsf) = f(ts)

for all t € S. Let C(S) be the Banach space of all bounded continuous

real valued functions on S and let RUC(S) be the space of all bounded

right uniformly continuous functions on §, i.e., all f € C(S) such that the

mapping s ~ 7,f is continuous. Then RUC(S) is a closed subalgebra of
C(S) containing constants and invariant under £, and ry, s € §; see [21]

for more details. Let {y, : @ € A} be a net of means on RUC(S). Then

{pa € A} is said to be asymptotically invariantif for each f € RUC(S) and

s€S,

po(f) = pal(€sf) = 0 and palf) = pa(rsf) = 0.

Let us give an example of asymptotically invariant nets. Let § = {0,1,2,...}.
Then for f = (Zo,21,...) € B(S) and n € N, the real valued function u,

defined by 1
1 &«
pn(f) = 5 Z Tk
k=0
is a mean. Furthermore, since for f = (2o, Z1,...) € B(S)and me N

1 n-1

! e !
|n(f) = p(rm ) = |~ Z k= Zl‘km - -2m||f|| — 0,
k=0 k=0

as n — 00, {itn} is an asymptotically invariant net of means.

Let S be a semitopological semigroup and let C' be a nonempty subset of
a Banach space E. Then a family S = {T, : s € S} of mappings of C into
itself is called a nonezpansive semigroup on C if it satisfies the following:
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(i) Ts¢x = TsTez for all s,t € S and z € C;
(ii) for each z € C, the mapping s + T,z is continuous;
(iii) for each s € S, T, is a nonexpansive mapping of C into itself.

For a nonexpansive semigroup & = {T, : s € §} on C, we denote by F(S)
the set of common fixed points of T,,s € §. If C is a nonempty subset of
a Hilbert space H and S = {T, : s € S} is a nonexpansive semigroup on C
such that {T,z : s € S} is bounded for some z € C, then we know that for
each u € C and v € H, the functions f(t) = ||Teu — v||* and ¢(t) = (Tiu,v)
are in RUC(S). Let u be a mean on RUC(S). Then since for each z € C
and y € H, the real valued function t — (Tyz,y) is in RUC(S), we can
define the value p,(T:z,y) of  at this function. By linearity of 4 and of the
inner product, this is linear in y; moreover, since

t(Tez, )| < lull - sup |(Tez, y)| < (S‘:P ITez|l) - [lyll,

it is continuous in y. So, by the Riesz theorem, there exists an zo € H such
that

ne(Tez,y) = (20,y)

for every y € H. We denote such an zo by T, z; see [32, 35] for more details.
We can now state a nonlinear ergodic theorem for noncommutative semi-
groups of nonexpansive mappings in a Hilbert space.

Theorem 3.3 [36]. Let C be a nonempty subset of a Hilbert space H and
let S be a semitopological semigroup such that RUC(S) has an invariant
mean. Let S = {T,:t € S} be a nonexpansive semigroup on C such that
{Tiz : t € S} is bounded and N5 {Tsiz : t € S} C C for some z € C.
Then, F(S) # ¢. Further, for an asymptotically invariant net {u, : o € A}

of means on RUC(S), the net {T, z : a € A} converges weakly to an
element zo € F(S).

Using Theorem 3.3, we have Theorem 3.1. By the same method, we can
prove the following nonlinear ergodic theorems:

Theorem 3.4. Let C be a closed convex subset of a Hilbert space H and

let T be a nonexpansive mapping of C into itself. If F(T) is nonempty, then
for each z € C,

Se(z)=(1-71) i r*Tke,
k=0

converges weakly to an element y € F(T) asr 1 1.
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Theorem 3.5. Let C be a closed convex subset of a Hilbert space H and
let § = {S(t):t € [0,00)} be a nonexpansive semigroup on C. If F(S) is
nonempty, then for each z € C,

rA

Sx(z) = % | s,

converges weakly to an element y € F(S) as A — o0o.

Next, we state a nonlinear ergodic theorem for nonexpansive semigroups
in a Banach space. Before stating it, we give a definition. A net {u,}
of continuous linear functionals on RUC(S) is called strongly regular if it
satisfies the following conditions:

(i) sup [|nall < +oo;
(ii) lim pa(1) = 1;
(iii) lim [|pa — Tipa|| = O for every s € S.

Theorem 3.6 [8]. Let S be a commutative semitopological semigroup and
let E be a uniformly convex Banach space with a Fréchet differentiable
norm. Let C be a nonempty closed convex subset of E and let S = {T; : t €
S} be a nonexpansive semigroup on C such that F(S) is nonempty. Then
there exists a unique nonexpansive retraction P of C onto F(S) such that
PT, =T,P = P foreveryt € S and Pz € ©6{Tyz :t € S} for every z € C.
Further, if {uo} is a strongly regular net of continuous linear functionals on
RUC(S), then for each z € C, T,, T,z converges weakly to Pz uniformly
intes.

We didn’t know whether Theorem 3.6 would hold in the case when § is
noncommutative (cf. [37]). Recently, Lau, Shioji and Takahashi [16] solved
the problem as follows:

Theorem 3.7 [16]. Let C be a closed convex subset of a uniformly convex
Banach space E, let S be a semitopological semigroup which RUC(S) has an
invariant mean, and let S = {T; : t € S} be a nonexpansive semigroup on C
with F(S) # 0. Then there exists a nonexpansive retraction P from C onto
F(S) such that PTy = TP = P for eacht € S and Pz € ©o{Tz : t € S}
for each z € C.

This is a generalization of Takahashi’s result [32] for an amenable semi-
group of nonexpansive mappings on a uniformly convex Banach space. Fur-

thermore, they extended Rodé’s result [26] to an amenable semigroup of
nonexpansive mappings on a uniformly convex Banach space whose norm

is Fréchet differentiable.
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Theorem 3.8 [16]. Let E be a uniformly convex Banach space with a
Fréchet differentiable norm and let S be a semitopological semigroup. Let
C be a closed convex subset of E and let S = {T, : t € S} be a nonexpansive
semigroup on C with F(S) # ¢. Suppose that RUC(S) has an invariant
mean. Then there exists a unique nonexpansive retraction P from C onto
F(S) such that PT; = T,P = P foreacht € S and Pz € @ {Tiz : t € S}
for each z € C. Further, if {1} is an asymptotically invariant net of means
on X, then for each z € C, {T,_z} converges weakly to Pz.

To prove Theorem 3.8, they used Theorem 3.7 and the following lemma
which has been proved in Lau, Nishiura and Takahashi [15].

Lemma 3.9 [15]. Let F be a uniformly convex Banach space with a
Fréchet differentiable mean and let S be a semitopological semigroup. Let
C be a closed convex subset of E and let S = {T, : t € S} be a non-
expansive semigroup on C with F(S) # ¢. Then, for each z € C,
F(8)NN,es@ {Ty,z : t € S} consists of at most one point.

The following theorem has been proved in Takahashi [32] and Lau, Nishiu-
ra and Takahashi [15] when E is a Hilbert space.

Theorem 3.10 [16]. Let E be a uniformly convex Banach space with a
Fréchet differentiable mean and let S be a semitopological semigroup. Let
C be a closed convex subset of E and let S = {T, : t € S} be a nonexpansive
semigroup on C with F(S) # ¢. Suppose that for each z € C, F(S) N
Nsesto{Tisx : t € S} is nonempty. Then there exists a nonexpansive
retraction P from C onto F(S) such that PT, = T,P = P for eacht € S
and Pz € @6 {Tyz :t € S} for each z € C.

4. Convergence theorems of Mann’s type. Reich [24] discussed the
iteration procedure introduced by Mann [20] in a uniformly convex Banach
space whose norm is Fréchet differentiable and obtained the following

Theorem 4.1 [24]. Let C be a closed convex subset of a uniformly convex
Banach space E with a Fréchet differentiable norm, let T : C — C be a
nonexpansive mapping with a fixed point, and let {c,} be a real sequence
such that 0 < ¢, <1 and £32,¢,(1 —¢,) = 00. If 2y € C and
Tnyr = cnTzn+ (1 —¢p)z, forn> 1,
then {z,} converges weakly to a fixed point of T.
This theorem has been known for those uniformly convex Banach spaces

that satisfy Opial’s condition (cf. [7]). Tan and Xu [44] proved the following
interesting result which generalizes the result of Reich [24].
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Theorem 4.2 [44]. Let C be a closed convex subset of a uniformly convex
Banach space E which satisfies Opial’s condition, or whose norm is Fréchet
differentiable and let T : C — C be a nonexpansive mapping with a fixed
point. Then for any initial data z, in C, the iterates {z,} defined by

Tnt1 = anT(BnTz, + (1 = Bp)za] + (1 — an)z, forn > 1,

where' {an} and {B,} are chosen so that X2 ,a,(l - a,) = oo,
Ynr1Bn(l — ay) < oo, limsup,_, Bn < 1, converge weakly to a fixed
point of T.

To prove Theorem 4.2, Tan and Xu [44] used the following two lemmas.

Lemma 4.3 [24], [40]. Let C be a nonempty closed convex subset of a
uniformly convex Banach space E with a Fréchet differentiable norm and
let {T\,T5,T5,...} be a sequence of nonexpansive mappings of C into C
such that NS, F(T,) is nonempty. Let z € C and put S, = T, T,y ... T}
forn > 1. Then, the set U NNS%,¢6{Snz : m > n} consists of at most one
point, where U = N3, F(T,).

Lemma 4.4 [27). Let E be a uniformly convex Banach space, let {t,} be
a real sequence such that 0 < b<t, <c<1 forn2>1 andlet a > 0. Sup-
pose that {z,} and {yn} aresequences of E such that limsup,_, [|z.|| <
a, limsup,_.. lus]l £ @ and limp—o [[taZn + (1 = ta)yn|l = a@. Then

lim,—oo ||Zn — ynl| = 0.

Takahashi and Kim [40] also proved the following

Theorem 4.5 [40]. Let E be a uniformly convex Banach space E which
satisfies Opial’s condition, or whose norm is Fréchet differentiable, let C be
a nonempty closed convex subset of E, and let T : C — C be a nonexpansive
mapping with a fixed point. Suppose =, € C, and {z,} is given by

Tns1 = anT[BnTzn + (1 - Bn)zn] + (1 —ag)z, foralln > 1,

where {ay} and {B.} are chosen so that a, € [a,b] and B, € [0,b] or
a, € [a,1] and B, € [a,b] for some a,b with 0 < a < b < 1. Then {z,}

converges weakly to a fixed point of T.
Motivated by Theorems 3.2 and 3.5, Suzuki and Takahashi [29] obtained

the following theorem:
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Theorem 4.6 [29]. Let C be a nonempty closed convex subset of a uni-
formly convex Banach space E which satisfies Opial’s condition, or whose
norm is Fréchet differentiable. Let T be a nonexpansive mapping from C
into itself with a fixed point. Suppose that {z,} is given by z; € C and

Top1 = @y T[BnTzn + (1 = Bn)zn)+ (1 — an)z, foralln>1,

where {a,} and {B,} aresequencesin [0,1] such that L3 0,(l1-ay,) =
oo and limsup,_ . Bn < 1, or £52,a,0, = 00 and limsup,,_, ., fn < 1.
Then {z,} converges weakly to a fixed point of T

To prove Theorem 4.6, Suzuki and Takahashi [29] used the following two
lemmas. Before stating them, we give two notations. We denote by N
the set of positive integers. Let I be an infinite subset of N. If {\,} is
a sequence of nonnegative numbers, then we denote by {); : i € I} the
subsequence of {\,}.

Lemma 4.7 [29]. Let {\,} and {u,} be sequences of nonnegative numbers
such that £, A, = 0o and X3, Appn < 00. Then fore > 0, there exists an
infinite subset I of N such that £{)\; : j € N\I} < ¢ and the subsequence
{ui:i €I} of {u,} converges to 0.

Lemma 4.8 [29]. Let {)A,} and {u,} be sequences of nonnegative numbers
such that A4y < A+ py, for all n € N. Suppose there exists a subsequence
{pi i€ I} of {un} such that p; — 0, A\; —» & and {y; : j € N\I} < o0.
Then A\, — a.

Compare Theorem 4.6 with Theorem 4.2 of Tan and Xu [44]. This in-
dicates that the assumption X52,/,(1 — a,) < oo in Theorem 4.2 is su-
perfluous. We do not know whether the assumptions Y1006, = 00 and
limsup,,_,, Bn < 1 in Theorem 4.6 are replaced by Yor1Bn(l = B,) = 00
and liminf,, .o, an > 0. We also know the following strong convergence the-

orem which is connected with Rhoades [25], Tan and Xu [44], and Takahashi
and Kim ([40].

Theorem 4.9 [28]. Let E be a strictly convex Banach space, let C be a
nonempty closed convex subset of E, and let T : C — C be a nonexpansive

mapping for which T(C) is contained in a compact subset of C. Suppose
z, € C, and {z,} C C is given by

:Fﬂ+l — anT[ﬂnTzn + (1 - ,Bn)zn] + (1 - an)zn for n Z l,
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where {a,} and {B,} are chosen so that £2  an(l — ay) = 0o and
limsup, ... Bn <1, 0r £22,6,(1 = B,) = oo and liminf,_, a, > 0. Then
{zn} converges strongly to a fixed point of T.

Let C be a closed convex subset of a Banach space E, and let T, S be
selfmaps on C. Then Das and Debata [5] considered the following iteration
scheme: z; € C, and

Tnyl = ﬂns[ﬂuTzn + (1 = ﬂn)xn] + (1 = an)zn for n >1,

where {a,} and {f,} are real sequences in [0,1]. They proved a strong
convergence theorem concerning Roades’ result [25]. Takahashi and Tamura
[43] obtained the following weak convergence theorem.

Theorem 4.10 [43]. Let E be a uniformly convex Banach space E which
satisfies Opial’s condition, or whose norm is Fréchet differentiable, let C be a
nonempty closed convex subset of E, and let S,T : C — C be nonexpansive
mappings such that F(S)N F(T) is nonempty. Suppose z, € C, and {z,}
is given by

Tns1 = 0 S[BnTzn + (1 = Br)zn] + (1 — @n)zn forn > 1,

where {a,} and {8,} are chosen so that ay,fBn € [a,b] for some a,b with
0<a<b< 1. Then {z,} converges weakly to a common fixed point of S

and T.
Further, Takahashi and Tamura [43] obtained the following

Theorem 4.11 [43]. Let C be a nonempty closed convex subset of a uni-
formly convex Banach space E, and let $,T : C — C be nonexpansive
mappings such that F(S)N F(T) is nonempty. Let P be the metric projec-
tion of E onto F(S) N F(T), suppose z, € C and {z,} is given by

Tnt1 = @ S[BnTTn + (1= fBn)za] + (1 - an)zn forn 21,

where {a,} and {8,} are real sequences in [0,1). Then {Pz,} converges
strongly to a common fixed point of § and T.

To apply convergence theorems of Mann’s type to the problem of image
recovery, we need to extend Theorem 4.10 to the following



288 W. Takahashi

Theorem 4.12 [38]. Let E be a uniformly convex Banach space E which
satisfies Opial’s condition, or whose norm is Fréchet differentiable, let C be
a nonempty closed convex subset of E, and let {T1,T3,... ,T,} be finite
nonexpansive mappings of C into itself such that N_, F(T,) is nonempty.
Let a,b be real numbers with 0 < a < b < 1 and suppose z, € C, and {z,}
is given by £,41 = Upmz, for n > 1, where

Unlxn s aanlmn + (1 = Qn1 )Ina

Un2$n = anZTZUnlzn + (1 - anZ)zn’

Unm—lzn = anm—le—lUnm—2zn + (1 = anm—l)z'n,

Un‘mzn = uanmUnm—]zn + (1 — O‘um)rru

and apy,Qn2,... ,an;m € [a,b] for n > 1. Then {z,} converges weakly to
a common fixed point of T\, T3,... ,Tp,.

5. Applications. In this section, we first deal with weak convergence
theorems which are connected with the problem of image recovery in a
Banach space setting. Using Theorem 3.9, or Lemma 4.3, we can prove the
following result.

Theorem 5.1 [14]. Let E be a uniformly convex Banach space with a
Fréchet differentiable norm, and let C be a nonempty closed convex subset
of E. Let T be an asymptotically regular nonexpansive mapping of C into

itself with F(T) # ¢. Then, for each z € C, {T™z} converges weakly to an
element of F(T).

We can also prove the following lemma by using Edelstein and O’Brien

[6].

Lemma 5.2. Let E be a Banach space and let C be a nonempty convex
subset of E. Let S be a mapping on C given by S = oI + i, BiS,
0<pBi<l,i1=0,1,...,r, 2:=o B; = 1, such that each S; is nonexpansive
on C and Ni_, F(S;) is nonempty. Then S is asymptotically regular on C.

Using Theorem 5.1 and Lemma 5.2, we can prove the first weak conver-

gence theorem for nonexpansive mappings given by convex combinations of
retractions.
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Theorem 5.3 [42]. Let E be a uniformly convex Banach space with a
Fréchet differentiable norm and let C be a nonempty convex subset of E.
Let Cy,C,,...,C, be nonexpansive retracts of C such that Ni=;C; # ¢.
Let T be a mapping on C given by T = £i_,0;T;, 0< a; < 1, £7_,0; = 1,
such that for each ¢, T; = (1 — X\)I + \iPi, 0 < A\; < 1, where P; is a
nonexpansive retraction of C onto C;. Then, F(T) = NnI_,C; and further,
for each z € C, {T"z} converges weakly to an element of N_, C;.

In this section, we also consider the problem of image recovery to the
situation where the constraints are inconsistent.

Theorem 5.4 [42]. Let E be a reflexive Banach space and let C be a
nonempty closed convex subset of E which has normal structure. Let
C1,Cs,...,C, be nonempty bounded nonexpansive retracts of C. Let T
be a mapping on C given by T = £_,oT;, 0 < a; < 1,1 = 1,...,7,
¥I_,a; = 1, such that for each i, T; = (1 — A;))I + AiP;, 0 < A; < 1, where
P; is a nonexpansive retraction of C onto C;. Then F(T) is nonempty. Fur-
ther, assume that E is strictly convex and N[_,C; = ¢. Then F(T)NC; = ¢
for some 1.

Let C and D be nonempty convex subsets of a Banach space E. Then
we denote by ic D the set of z € D such that for any z € C, there exists
A € (0,1) with Az + (1 — A)z € D and by d¢c D the set of z € D such that
there exists £ € C with Az + (1 — X)z ¢ D for all A € (0,1).

Theorem 5.5 [42]. Let E be a strictly convex and reflexive Banach space
and let C be a nonempty closed convex subset of E which has normal
structure. Let C;,Cs,...,C, be nonempty bounded sunny nonexpansive
retracts of C such that for each i, an element of dcC; is an extreme point
of C;. Let T be a mapping on C given by T = ¥_,0;T;, 0 < a; < 1,
i=1,...,7, L_10a; = 1, such that for each i, T; = (1 — \)I + AP,
0 < X\; < 1, where P; is a sunny nonexpansive retraction of C onto C;. If

NI_,C; is empty, then F(T) consists of one point.

Finally, we discuss the problem of image recovery by using Theorem 4.12.
Before doing it, we give a definition. Let C be a closed convex subset of
a Banach space E. Let T1,Ta,..., T, be finite mappings of C into itself
and let a;,as,...,a, be real numbers such that 0 < a; < 1 for every
i=1,2,...,r. Then, we define a mapping W of C into itself as follows:

Uy =aT) + (1 - 01)1,
Uy = oo T Uy + (1 — a2),
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Urov = o, T g Ura + (1 - ar—l)Iy
W =a,.T.U_1 + (1 = C!,-)I.

Such a mapping W is called the W-mapping generated by Ty,T3,...,T;
and ay,ag,...,Q.

Lemma 5.8 [38]]. Let C be a closed convex subset of a Banach space
E. Let Ty, T,,...,T, be nonexpansive mappings of C into itself such that

-1 F(T;) is nonempty and let ay, a3, ... ,a, be real numbers such that 0 <
a; < 1 foreveryi=1,2,...,r. Let W be the W-mapping of C into itself
generated by Ty, T,,... ,T, and ay,as,...,a.. Then W is asymptotically
regular. Further, if E is strictly convex, F(W) = ni_, F(T;).

Using Lemma 5.6 and Theorem 5.1, we have the following theorem.

Theorem 5.7 [38]. Let E be a uniformly convex Banach space E with a
Fréchet differentiable norm and let C be a closed convex subset of E.

Let T,,T;,...,T, be nonexpansive mappings of C into itself and let
aj,as,...,a, be real numbers such that 0 < a; < 1 foreveryi =1,2,...,r.
Let W be the W-mapping of C into itself generated by Ty, T,,...,T, and

ay,ay,...,a,. Then, for each r € C, {W"z} converges weakly to an
element of NI_, F(T;).

As a direct consequence of Theorem 5.7, we have the following theorem.

Theorem 5.8 [38]. Let E be a uniformly convex Banach space with a
Fréchet differentiable norm. Let Cy,C,...,C, be nonexpansive retracts
of C such that N_,C; # ¢. Let W be the W-mapping of C into itself
generated by P\, P,,..., P, and oy, ay,... ,a,, where P; is a nonexpansive
retraction of C onto C; and 0 < a; < 1 for every i = 1,2,...,r. Then for
each z € C, {W"z} converges weakly to an element of N, Ci.
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