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A New Constant in Banach Spaces and Stability
of the Fixed Point Property

ABSTRACT. We define a new geometric coefficient A(X) for a Banach space
X and we prove that a Banach space Y has the weak fixed point property
for nonexpansive mappings if for some isomorphic space X we have

1+Vf1+4(W%5+1)
2 (wetcry +1)

where WCS(X) is the Bynum’s weakly convergent sequence coefficient.

d(X,Y) <

Introduction. Let (M,d) be a metric space. A mapping T : M — M
is said to be nonexpansive if d(Tz,Ty) < d(z,y) for every z,y € M. A
Banach space X is said to have the weak fixed point property (w-FPP) for
nonexpansive mappings if every nonexpansive mapping T defined from a
nonempty convex weakly compact subset C of X into C has a fixed point.
Although isolated results about fixed points for nonexpansive mappings
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appeared earlier, the active research in this branch of nonlinear functional
analysis began after the publication in 1965 of two papers by Browder [B]
and Kirk (K] in which they respectively proved that every uniformly convex
Banach space and every Banach space with a weak normal structure have
the w-FPP.

In 1981 Alspach [A] proved that L,[0,1] fails to have the w-FPP. This
example and a result given by V. Dulst [D], who proved that every separable
Banach space can be renormed in such a way that the new norm satisfies the
Opial condition, allows us to check that the w-FPP is not preserved under
isomorphisms. This fact raises the following natural question which is known
as the stability problem of the w-FPP for nonexpansive mappings: Let X be
a Banach space with the w-FPP. What is the greatest number k = k(X ') such
that, if Y is an isomorphic space and the Banach-Mazur distance between
X and Y is less than k, then Y has the w-FPP? Although the value of k(X)
is unknown for most classic Banach space (including Hilbert spaces), several
authors have found lower bound for k(X) using either geometric coefficients
or special geometric properties which are satisfied by X.

A fixed point theorem. We start recalling the definition of the weakly

convergent sequence coefficient [By], for a Banach space X without the
Schur property.

WCS(X) = inf{m :

R {zn} is a weakly convergent sequence

which is not norm convergent}

In [ADL] the authors proved that WCS(X) can be also defined by a
different expression:

. imp, minzm |20 = Zml|
WCS(X) = inf { ot ——— 2 : {z,)} is a weakly null sequence
lim (] {zn} y q
and li_m;é |zn — Zm]| , lim ||z, exjst}

Definition. Let X be a Banach space without the Schur property. We
define the coefficient

AMX) = sup{limsup ||z, + z|| = lim |z, — 2|}
n,m;nEgEm

UL
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where the supremum is taken over all z € X with ||z|| < 1 and all weakly
null sequences such that limy m;ntm ||Zn — Tm|| exists and lim,, ||z,|| = 1.

We should note that, if {z,} is a weakly null sequence in the unit ball of
X such that limy, m;ngm ||[Zn — Tm|| exists, then:

li,r‘n lza]l < lim ||zp — 2| < sup limsup |z, + z||.
. < w

i lzli<1
Therefore, the coefficient A(X) always verifies 0 < A(X) < 1.

Theorem 1. If X and Y are isomorphic Banach spaces with

1+\/1+4(Wi‘c‘—;‘(’7$+1)

A(X) \
2 (wester + 1)

d(X,Y) <

then Y has the w-FPP. In particular, X has the w-FPP if \(X) < 1.

Proof. Without loss of generality we may assume that Y = (X,]|-|) and
Iz]] £ |z| £ d(X,Y)||z|| forall z € X,

where || - || denotes the original norm on X.

On the contrary, suppose that Y fails to have the w-FPP. Then, by
standard arguments, there exist a weakly compact convex subset K of Y
with diam(K) =1 and a fixed point free nonexpansive map T : K — K such
that K is minimal for T and contains an approximated fixed point sequence
{z.} which is weakly null.

We denote by [X] the quotient space l.(X)/co(X) endowed with the
Quotient norm |[z,]| = lim sup |z,|, where [z,] denotes the equivalent class
of {z,} € lo(X). Let [K] = {[z,]) : z. € K, for n = 1,2,...}. Then
(T)[z,] = [Tz,] is a well defined nonexpansive self mapping in [K].

We consider the set

(W] = {[2.] € [K] : |[2n] - [za]] £ 1 = ¢; lim s:plim sup |zn — zm| < t}

Ik S al _ALEE )
where ¢ = Z-HYIH(wEsTOH) ¢ g
A weso+)
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It is not difficult to check that [W] is [T]-invariant, closed, convex and
nonempty, since [tz,] € [W]. Thus, by Lin’s Lemma [L] we know that

sup{ |[wn] — z| : [wn) € [W]} =1 forevery z € K.

However, we take [w,] € [W]. Since K is weakly compact, there exists a
subsequence {wy,, } of {w,} weakly convergent, say to an element wo € K.
By passing to a subsequence, we can assume that limy |wy,, | exists and it
is equal to lim sup,, |w,| = |[w,]|. Also, we can suppose that the following
limits exist: limy |w,, — wol|, limg ||wn, — woll, limk i k21 ||wn, — wn,l|-

Since the sequence {w,, — z,, } converges weakly to wp, we have

|we| < lim il;f |wn, — Zn,| <limsup |lw, — 25| <1t
n

On the other hand, for a fixed k the sequence {w,, —wy,, }; converges weakly
to w,, — wo so, we get: limy |w,, — wo| < lim sup liminf; |w,, — wy,| < t.
In addition, by using Goebel-Karlovitz Lemma [GK], we have

likm|wnk — wo| > li}cn |Zn, — wo| — imsup |wy, — 2z, |2 1-(1-1t) =t
k

Thus t = limy |wy,, — wo|. Define ¢ = limy ||w,, — wp||. Then
3 t
~d(X,Y)

and therefore |wo| < 1-1t < t/d(X,Y) < c, because the definition of t and

the condition on d(X,Y) imply t (1 -+ WXI_.YY) > 1. Moreover, {w,, — wo}
is a weakly null sequence in X. Thus

1
o g WL -
¢ X, )h£n|wnk wo|

limg k2t |wn, — wa |l _ lim sup, lim sup, |w,, — wy, | t
= WCS(X) = WCS(X) = WCS(X)'

Hence

[wa]l = u{“ |wn, | < d(XvY)cuin

W, = wo _ wWo
C

< d(XsY)C (,\(_,\’) + limk'“‘#t iiw"" — w“a”)

AX)

< d(X,Y)t (W_CW

+1)<1

and this contradiction proves the result.
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Connections with other geometric coefficients. We establish some
relations between the coefficient A(X) and some other geometric coefficients
defined for a Banach space X.

We recall the definition of the coefficient R(X) introduced by Garcia-
Falset [G] : R(X) = sup{limsup,, ||z, + z||: z, — 0, ||za|, ||z]| £ 1}.

It is known that, if X and Y are isomorphic Banach spaces such that
either d(X,Y) < WCS(X) [By] or d(X,Y) < 2/R(X) [G], then Y has the
w-FPP. In particular, X has the w-FPP if either WCS(X) > 1or R(X) < 2.

On the other hand, the definition of A(X) is invariant if we replace the
condition lim ||z,|| = 1 by ||z,|| = 1 for every n € N. Then, it is easy to
check the inequality:

A(X) < R(X) - WCS(X).

Hence Theorem 1 improves Theorem 5 in [By] and Theorem 3 in [G].

We give an example where Theorem 1 assures the w-FPP, but the results
in [By] and [G] cannot be applied.

Example. Consider the Bynum’s spaces I3, and I3 o, i.e., the space I,
with the norms [lzlls1 = lz* [z + Iz~ o [[2ll.c0 = max{lz*llz, llz~l2},
where zt(n) = max{z(n),0} and z=(n) = max{—z(n),0} are respectively
the positive and the negative part of the vector z.

We define the Banach space X as the euclidean direct sum of I;; and
boo X = Iy @2 13,00 Since R(l31) = 2 and WCS(l,00) = 1, R(X) = 2
and WCS(X) = 1.

Let (z,y) be a vector in X, z € l31, y € l3,00, such that ||(z,y)]| <1
and let {(z,,y.)} be a weakly null sequence in X such that ||(z,,y.)|| =1
for every n € N. Then {z,}, {yn} are weakly null sequences in I3, I3,
respectively with ||z4]|3,; + lynllf 0 = 1

Since {z,} and {y,} are weakly null sequences in Iy, it is not difficult to
prove ( see, e.g. [DJ, Proposition 2]) that we can assume, without loss of
generality, that the following conditions are all fulfilled:

1) suppz, Nsuppzm, = suppyn N suppym = 0

2) suppz N suppz, = suppy N suppy, = 0

3) lizlla = llizkllzs llzzllz = llzzll2s Nlwitllz = llvillz, Nvallz = lymllz

for every n,m € N, n # m.

Therefore:

(@, 9) + (Zns yn)lI? = llzn + zll31 + l¥n + 313,00
-2 -2
< (l1ll2. + Nzallza)? + max {[lyF 13 + ly* 13 lva 113 + v~ 112}
< (H2llza + Neallz 1) + N9nll3 o + 1911300 < 2+ 2llzll21/1Znl2,1-
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Then

1(2,9) + (@nova)ll < V214 lizlalizallzg < V24/1+ [Zall2n.

On the other hand,

2
(2, Yn) — (Tm, ym)”2 = ||lzn - zm”%,l + llyn — ymnz,oo

/3 1 1/2\?
= (218 + lemld)'” + (21 + i) ")
- - 2
+ max {luf I + vl vz 3 + lo113)
> (213 + llzx 1) + max{llg¥ I3, vz 1)

2 2
> 2”%"%,1 + lynllz,00 = 1+ lIZall21-
Thus b s B X
j
"(zn, yn) - (3771’ ym)"2 2 \/1 + “z""%,l'
Therefore

MX) < V2y/1+ llzallag = /1 + llzall3,
< sup (\/§v1+t—\/l+t2)< 1.

te0,1)

Stability in Banach spaces with the property (M). We shall now
consider a Banach space X with the property (M) introduced by Kalton.
We recall that a Banach space has the property (M) if for every weakly null
sequence {z,} the function ®(z) = lim sup,, ||z, — z|| depends only on ||z||.

If X has the property (M) and {z,} is a weakly null sequence, it was

proved in [GS] that sup lim sup ||z, —z|| = lim sup lim sup ||z, — Zm||- And
=l <1 & n m

it is easy to check that lim sup,, limsup,, ||Zn = Zm|| = limp mingm [|[Zn —Zml|
if imp mingm ||Zn = Tm|| exists.

Now, it is clear that A(X) = 0if X has the property (M). In this case we
obtain from Theorem 1 the following result which was first proved in [GS):

Corollary. If X is a Banach space with the property (M) and Y is an

isomorphic Banach space such that d(X,Y) < (14 v/5)/2 thenY has the
w-FPP.
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