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On Some Generalization of Lipschitzian Mappings 
in a Hilbert Space

Abstract. In this paper, we present some generalization of Lipschitzian 
mappings in a Hilbert space. The existence of fixed points for this type of 
mappings is shown.

1. Introduction. The fixed point theory of nonlinear mappings is an 
important branch of nonlinear functional analysis which depends heavily 
upon the geometrical properties of the underlying space E.

Let E be a Banach space and C a weakly compact convex subset of E. 
A mapping T : C —*• C is called nonexpansive if

for every x,y in C. When E has some ’’nice” geometric properties, for 
instance E is uniformly convex, then mapping T has a fixed point [7], [1].

A more general concept is the notion of uniformly Lipschitz mapping 
introduced by Goebel and Kirk [3]. We recall, a mapping T : C —> C is 
called uniformly k-lipschitzian on C if

||Tnx - Tny\\ < fc||x - 2/||
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for every x, y in C and n = 1,2,..., or in the other words, if the Lipschitz 
constant of Tn,

sup
f ||rwi - rny||, 
1 II® - 2/11

x jt y,x,y e C } < *,

for n = 1,2,....
It is clear that nonexpansive mappings are uniformly 1-Lipschitzian map

pings. Again, when E has some ’’nice” geometric properties and k > 1 is not 
too large, we can assure that T has a fixed point [3], [1]. For example, Lif
shitz [9] proved that in a Hilbert space a uniformly fc-Lipschitzian mapping 
with k < y/2 has a fixed point and found an example of a fixed point free 
uniformly y-Lipschitzian mapping which leaves invariant a bounded closed 
convex subset of I2 (cf. Baillon [2]). The validity of Lifshitz’s Theorem for 
y/2<k < y remains open.

In 1988, Górnicki and Kriippel [5], [6] indicated some applications of 
an asymptotic density in fixed point theorems for Lipschitzian mappings 
and proved, among others, that in a Hilbert space a Lipschitzian mapping 
T : C —> C with

lim inf 
n—>oo ”1=0,1,2,•••

i£||T‘+"|p
n i=l

< 2

has a fixed point [3]. This result generalizes Lifshitz’s Theorem and shows 
that the theorem admits certain perturbations in the behavior of the norm 
of successive iterations in infinite but ’’small” sets. In this paper we continue 
this study and we prove a fixed point theorem for mappings with generalized 
Lipschitzian iterates.

2. Preliminaries and lemmas. In the present paper we consider in a 
Hilbert space H a class of mappings (not necessarily continuous) T : C —* C 
(C is nonempty subset of FT) whose n-th iterate satisfying the following 
condition:

l|Tn* - T"s||2 < «J, - j,|]2 + 6„{||x - T"®||2 + ||S - r“s||2}
+ c„{||! -T“s||2 + ||s -Tnx||2}

for all x,y in C, n = 1,2,..., where an,bn,cn are nonnegative constants 
satisfying the following inequality,

(**) 6n + 2c„<l/3, n = l,2,....

Note, in case bn = cn = 0, n = 1,2,..., T is a mapping with Lipschitzian 
iterates.

In the present paper we discuss the worst-case scenario, when anbncn > 0 
for n = 1,2,....



On Some Generalization of Lipschitzian Mappings ... Ill

Lemma 1. If T : C —> C is a mapping satisfying the condition (*) with 
2bn + 3cn < 1 for n = 1,2,..., then for i > k, we have:

||T’x-rMi2 < Qfc 4- 26fc + 3cfc 
1 - (26fc + 3cjt)

4(ftfc + ck)
1 - (26fc + 3cfc)

||y_r-^||2 + Ibz-rM2.

Proof. For i > k, we have

||r® - rS||2 =||rfc(r-fcx) - Tky\\2

<afc||r-^ - y||2 + 6fc{||r-fcx - r»||2 + 111/ - rfcj/||2}

+ck{\\r-kx - Tky\\2 + ||3, - rx||2} (by (*)) 

<ofc||T’-*x - y||2 + bk{\\T'~kx - 3,|| + ||2, - rx\\}2 

+bk{\\y - r x|| + ||rx - Tky\\}2 + Cfc{||r-fcx - 3,11 

+ ||3Z - T’x|| + ||r’x - Tky\\}2 + cfc||j, - rx||2 

<ak\\Ti~kx - 3,||2 + 2bk\\Ti~kx - y\\2 + 4b,||l/ - rx||2 

+2bk\\Tix - Tky\\2 + 3cfc||r-*x - t/||2 

+4cfc||t, - T’x||2 + 3cfc||T‘x - Tfcy||2 (by Lemma 1),

and hence [1 - (2bk + 3cfc)]||T’x - rfcj/||2 < (ak + 2bk + 3cfc> - T*-fcx||2 + 
4(^ + c*)||j-Tix||2.

□
Now, we use techniques of asymptotic center in Banach spaces.

Lemma 2 [5]. Let C be a nonempty closed convex and bounded subset of 
a Hilbert space H and let {x^} C H be a bounded sequence. We define the 
functional r : C —> [0,+oo) by the formula

1 "
r(x) = lim — llx — Xj||2, x E C. 

n—»oo n
1=1

Then r(-) is continuous and strictly convex.

Lemma 3 [7]. Let C be a nonempty closed convex and bounded subset of 
a uniformly convex Banach space E and f : C —► [0,+oo) be continuous. If 
f is strictly convex, then f attains its minimum at exactly one point.

And so, by Lemma 3, for the bounded sequence {x<} in a Hilbert space 
there exists a unique point z € C such that r(z) = inf{r(x) : x E C}.
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The element z in C is said to be an asymptotic center of {ij} with respect 
to r(-) and C.

Now we establish some lemmas. Let C be a nonempty closed convex and 
bounded subset of a Hilbert space H and T : C C satisfy conditions (*) 
and (**). We define the functional

1 "
d(u) = lim - Y||u-T”u||2, xeC,

n—► oo u
t=l

and let z be the asymptotic center in C which minimalizes the functional

1=1

over x in C (for fixed u £ C). Then we have the following lemmas.

Lemma 4 [5]. r(z) < d(u). 

Lemma 5 [5]. ||2 — u|| < 2y/d(u). 

Lemma 6. For each k £ N holds
/Tk \ ak + M>k + lCk . .

r(T ” £ 1-(^ + 3ct)rW-
Proof. Fix k £ N. Then by Lemma 1, we have: 

k
ij;i|T‘z-ru||2 = i£||TL2-r«||2 + i £ l|rkz-rM!

»=1 «=1 i=fc+l

< ( X - T‘“ii2 

1=1

+ iv /afc + 26fc + 3cfc Ti-k„n2 . 4(&fc + cfc) . A
+ »i=^1V-(2i't + 3ck)lk T + i-(2H + 3ck)l|z-r“IU

= IZ HT‘2 - T‘“H2

«=1
n—k

>„l|2 j_____+ Cfc) 1 ,,2Qfc + 2bfc + 3cfe 1 II 'Tt ||2 , 4+ l-(26fc + 3cfc)nS11 u|1 + 1 - (26^ + 3cjt) n .
*“1 t=/c+l

= | Ż HT‘2 - TM2

t=l
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Taking the limit superior on each side as n —> +oo, we get

K if ||T‘z - rail1 < .** t “*+ ?*' ta i y ||z - r‘«||!
n-oo n~I ” “ 1 - (2bk + 3cfc) n-oo n " 11

since

(a)

(b)

(c)

1 *.
— ^2 ||Tfc2 — T*u||2 —> 0, as n -♦ +oo,

i=i
1 n
— V' ||2 — T’u||2 —> 0, as n -» +oo,

»=n—fc+1

1 A
— V llz - T‘n||2 -> 0, as n -> +oo. 
nn

i=l

Therefore, for any fixed k 6 N, we obtain the estimate 
trrk \ s ak + M>k + 7cfc

r(T 5 1 - (2fe, + 3cfcjr 2 ~

Lemma 7 [5]. r(z) + ||z — i||2 < r(x) for every x £ C.

□

3. Fixed point Theorem. In this section we show an exsistence result 
for fixed point of mapping satisfying (*) and (**).

Theorem 1. Let C be a nonempty closed convex and bounded subset of 
a Hilbert space H. IfT:C—>C satisfy conditions (*) and (**) with

(1)

where A3

lim inf - > Ai+m 
„-.oo rn=°.1>2-— n

<2,

(2)

aa + 6h, + 7c, 
1 - (2h„ + 3cs)

sup{ 1 ~h Qj + 4c,
1 - 3(h, + 2c,)

:»>!}< +°°>
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(3) sup{
1 + bi + 2cj 

1 - 3(fe< + 2cJ
: i > 1} < +oo,

then T has a fixed point in C.

Proof. Let {n_J and {mj} be sequences of natural numbers such that 

1 n i n’
lim inf — y Ai+m = lim — y 4i+m. = a < 2. 

n—»oo m=0,l,2,... n J-oo nj

By induction, we define a sequence {xn} m C in the following manner: 

xi € C, arbitrary,

^m+l = zfam), m = 1,2,...,

where z(xm) is the unique point in C (asymptotic center) which minimalizes 
the functional n

r(x)= ns? lynx-r+->xm||2
J —00 Uj

J 1=1

over x in C.
First we prove the following inequality:

(a) d(z) < (a — l)d(u),

where
1d(u) = lim — V ||u-r'+m>i

j-HX> HjJ «=1
and z is the asymptotic center in C which minimalizes the functional

1r(x) = lim — V ||x-T<+m^«||2 
nj

over x in C (for fixed u £ C).
We put in Lemma 7, x = T'*™’ z. Then, by Lemma 6, we get

r(x)+ Hz-r+^zll2 < r(r+^>) < A<+ro.r(z),

and ||z - T'+m> z||2 < (Ai+rnj - l)r(z). Summing up these inequalities from 
i — 1 to nj, dividing through by rij and taking the limit superior as j —* +00 
on each side, we get

d(z) < Qiin y Ai+m. - l) r(z) = (a - l)r(z) < (a - l)d(u),
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by Lemma 4. Hence, by Lemma 5, we have

(/3) lkm+1 - ®m|| < 2\/d(xm) < 2\/(a ~ l)m_1d(zi),

and |km+i — xm|| —> 0 as m —> +oo. We see from (/?) that {xm} is norm 
Cauchy and hence strongly convergent. Let Xq = limm_ooa;m. Then, we 
have

llxo-r+^xoii2

< (Iko - *m|| + Ikm - r+m'xm|| + ||r+m>xm - Ti+m’ xoll)2 

<3|ko - *ml|2 + 31km - r+^xmll2 + 3||r<+TO>xm - r'+m>x0||2 

<3|ko - «m||2 + 3|km - T’+^Xmll2 + 3 (oj+m. |ko ~ «m||2 

+&,+m, {|km -r+^Xmll2 + ||*0 ~ Ti+m’ X0||2 }

+ Ci+m. {|km - r+^XoH2 + |k0 - r'+^Xmll2})

<3(1 + aj+nij )lko ~ ®m||2 + 3(1 + ft«+m, )|k»n — T + ’ Xm|| 
+36<+m,.|ko - r+^xoll2 + 3ci+tn> {Ikm - *o|| + Iko - T’+^xoll}2 

+3c<+my {Iko - ®m|| + Ikm ~ T’+m,Xm||}2 

<3(1 + ai+m, + 4Cj4-mj )|ko ~ xm 11
+3(1 + bi+mi + 2ci+m.)|km - Ti+rn’Xm II2 

+3(6i+m, + 2ci+m,.)|ko - Ti+m’xoll2,

and hence

llxo - r<+”“x0||’ - *•
1 — ófOi+mj + ^ci+m,)

3(1 + bj+mj + 2ci+mj)
+ l-3(6i+mj +2Ci+mj" r

_ J'i+r

Summing up these inequalities from t = 1 to n,-, dividing through by rij 
we get

1 £||l0 - r+”-|p < - *”»’Tlj " Tlj 1 — 3(0t+m,- + 2C,+mjJ

1 3( 1 + 6j+my + 2ci+m, ) (|~ Ti+miv ||2
+ ^^l-3(6,+m,+2c^11 m

<3||x„ - x„|pmax{11+3“' + 4^ : 1 < i < ">}
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+ 3
1_ / 3(l + 6,+m, +2c,+wtj)\ 2i1/2
tj ” \1 — 3(6j+mi + 2Cj+m> )/

X diam (C)

1 J,— 5^||zm - T,+m> Zmll"4 (by Lemma 10 and 9)
n> J

< 3||l„ - xm||! max { ] Lift,+VX) = 1 £ n, }
( 1 + a, + 4c, , / . / }+ 3maX|l-3^ + 2^) £ - 4 

Ln>M J

Taking the limit superior as j -> +oo on each side, we get 

1 n>
d(x„)= Urn — V||x0-r+m>||2

J-*oo Hj "J »=1

£3|l^-^ll2s"p{11-+3(X + 2c,):i-l}
+ 3 SUI> {1 -+3(X+^) = i > 1} di^m (C)

V/2
.lim -V lkm-r+m>xTO||4j—>oo n- z—J «=1

< 3||x0 - x„|p sup H > l}

+ 3sup{ iL^',+ 2c,) : * - ’} diam(CM° ~ -> 0

as m —> +oo.
This implies that Txq = xq. Indeed, for any € > 0 there exist natural 

numbers ne, ne + 1 such that ||z0 - Tn‘i0|| < « and ||x0 - Tn‘+1x0|| < f- 
Otherwise, we have for any n,j and rrij,

n> i=\ 2

and therefore

d(x0)= Urn - £ ||x0— Ti+m’ ||2 > Urn - V ||x0-r+m> ||2 > if2 > 0. 
j->oo rij ,=1 j->oo Hj ,=1 2
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Thus, for any e > 0 , we have

||Tx0-x0||2

<(||Tx0 - Tn,+1x0|| + ||rn‘+1x0 - x01|)2

<2||Txo — 7n‘+1xo||2 + 2||Tn,+1 - x0||2 (by Lemma 1)
<2 (a, ||x0 - Tn*x0||2 + bx {||x0 - Tx0||2 + ||Tn*x0 - Tn‘+1x0||2}

+ c, {||x0 - Tn,+1x0||2 + ||7n‘x0 - To*||2}) + 2||Tn<+1x0 - x0||2 

<2a,||x0 - Tn‘x01|2 + 26,||xo - Tx0||2
+ 26x {2||Tn«x0 - x0||2 + ||x0 - Tn‘+1x0||2} + 2c,||x0 - Tn‘+1x0||2 

+ 2c, {2||Tn‘x0 - x0||2 + 2||x0 - Tx0||2} + 2||Tn'+1x0 - x01|2,

and hence

||7x0 - x0|
2(a, + 26, + 2c,)

1 - 2(6, + 2c 
< 2(1 + a, + 46, + 3c,) 0

1 -2(6, + 2c,)

as e | 0+, and consequently, Txq = xq. This completes the proof.

As a simple consequence of Theorem 1, we have the following:

Corollary 1 [4]. Let C be a nonempty closed convex and bounded subset 
of a Hilbert space H. IfT:C—>Cisa Lipschitzian mapping such that

lim inf -V ||7‘+’n||2 < 2, 
n— m=0,l,2,... n"

then T has a fixed point in C.

Corollary 2. Let C be a nonempty closed convex and bounded subset of 
a Hilbert space H. If T : C —> C (necessarily continuous) satisfies the 
following condition

||T"x - Tny\\ < a||x - j/||2 + 6{||x - 7nx||2 + ||j/ - Tn»||3}
+ c{||x - T"jz||2 + ||jz - 7nx||2}

for all x, y in C and n = 1,2,... with 6 + 2c < 1/3, and a + 106+ 13c < 2, 
then T has a fixed point in C.



118 J. Górnicki

References

[1] Ayerbe Toledano, J. M., T. Dominguez Benavides, G. Lopez Acedo, Measures of 
Noncompactness in Metric Fixed Point Theory, Operator Theory Advances and Ap
plications, vol.99, Biirkhauser Verlag, Basel-Boston-Berline, 1997.

[2] Baillon, J. B., Quelques aspects de la theorie des points fixes dans les espaces de 
Banach I,, Seminaire d’Analyse Fonctionnelle 1978-79, Ecole Polytechnique, Centre 
de Mathematiques, Expose 7, Nov. 1978.

[3] Goebel, K., W. A. Kirk, A fixed point theorem for transformations whose iterates 
have uniform Lipschitz constant, Studia Math. 47 (1973), 135-140.

[4] Górnicki, J., A remark on fixed point theorems for Lipschitzian mappings, J. Math. 
Anal. Appl. 183 (1994), 495-508.

[5] ______, Lipschitzian semigroups in Hilbert spaces, Proceedings of the Second World
Congress of Nonlinear Analysts, Athens, 1996 (in press).

[6] Górnicki, J., M. Kriippel, Fixed points of uniformly Lipschitzian mappings, Bull. 
Polish. Acad. Sci. 36 (1988), 57-63.

[7] ______, Fixed point theorems for mappings with Lipschitzian iterates, Nonlinear
Anal. 19 (1992), 353-363.

[8] Kirk, W. A., A fixed point theorem for mappings which do not increase distances 
Amer. Math. Monthly 72 (1965), 1004-1006.

[8] Lifshitz, E. A., Fixed point theorem for operators in strongly convex spaces, Voronez. 
Gos. Univ. Trudy Mat. Fak. 16 (1975), 23-28. (Russian)

Department of Mathematics 
Rzeszów Institute of Technology 
P.O.Box 85, 35-959 Rzeszów, Poland 
e-mail: gornicki@prz.rzeszow.pl

received November 10, 1997

mailto:gornicki%40prz.rzeszow.pl

