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ABSTRACT. The paper is concerned with optimal stopping of Markov pro-
cesses on Polish spaces. It extends results known for locally compact state
spaces. Conditions are given under which the value function is continuous
and the first moment of hitting the contact set is an optimal one. Our study
is motivated by a recent aplication, due to D. Gatarek and M. Musiela, of
an infinite dimensional theory, to finance.

1. Introduction. Let E be a metric, complete and separable space - called
often Polish - and (2, F,P) a probability space equipped with an increasing
family of o-fields F, C F,t > 0. Assume that X(t),t > 0 is a Markov
process adapted to (F;), having values in E and let a,¢ and ¢ be real
functions on E. For arbitrary () stopping time 7 and s € [0, 4+00) define
functionals:

(1)  Ju(r,X(0)) = lE(efor o(X(9)d | (X (7)) Xr<s + ¢(X(T))XT=,]).
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182 J. Zabczyk

The paper is concerned with conditions implying existence of stopping
times 7,such that,

js(T’X(O)) < js(f,A'(O)) v V(S,X(O)),

for all stopping times 7. The main emphasis is placed on various charac-
terizations of the corresponding value function V and on showing that the
hitting time, ol the so called contact set, is an optimal one. The paper is de-
voted to the finite interval case s < 400, and the infinite horizon problems
with the functional:

(2) Too(T, X (0)) = E (&l «XN4 (X (r))x, ¢1.0)

will be treated in a subsequent paper.

Questions discussed in the present work paper have an enormous liter-
ature see e.g. [11], [17], [18], [23], when the state space E is compact or
locally compact. In the majority of papers one assumes that the transition
semigroup ( P;) is strongly continuous on the space Cy(EF), of all bounded,
continuous functions vanishing at the compactification point d. Thus one
requires that

i) Pe(Co(E)) C ColE), 20,
ii) for all ¥ € Co(E), Pi(p) — 1 as t — 0 uniformly.

(Neither of the conditions i) - ii) hold for examples of interest when E is not
locally compact. There exist only few papers dealing with optimal stopping
of Markov processes on more general spaces. Optimal stopping of a filtering
process, with values in the space of probability measures, has been discussed
in [19] and [14]. The case of an infinite dimensional Ornstein-Uhlenbeck pro-
cess is treated in a recent paper [8]. Stopping of general Markov processes
on Polish spaces has been studied in [1, Chapter VII, § 5.2.], under the
condition that the corresponding transition semigroup is strongly continu-
ous on the space of bounded, uniformly continuous functions on E. This
condition is rarely satisfied even for locally compact spaces E.

In the present paper we replace the requirement i) - ii) by a continuity
condition which holds in all examples of interest.We show that under the
continuity condition the classical techniques of the time discretization due
to Bensoussan and Lions [2], El Karoui [11], Nisio [16], Mackevi¢ius [13],
Robin [17], Shiryayev [18] and Stettner and Zabczyk [19], can be applied
to general gain functionals (1), general state spaces and to general Markov
processes. Our results contain, as a special case, those of [8].

The initial impulse for considering optimal stopping on Polish spaces was
provided by the paper [8] in which an application of some infinite dimen-
sional results to financial mathematics has been investigated. This specific
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application is discussed in some detail in section 2 and at the end of the
paper.

The paper is based on the preprint [24]. It which also discusses connec-
tions with parabolic variational inequalities consists of the following sec-
tions:

1. Introduction, 2. Financial model, 3. Continuity condition, 4. Conti-
nuity of the value function, 5. Extremal properties of the value function,
6. Existence of optimal moments, 7. Extension to unbounded function and
an application.

2. Financial model. As a motivation to our work we describe in this
section a financial problem leading directly to optimal stopping of general
Markov processes on Polish spaces.

Let rd(t), (1), t > 0 be respectively domestic and foreign interest rates.
The exchange rate e(t),t > 0, or equivalently the cost of the foreign currency
in terms of the domestic one, satisfies the following equation, see (8],

de(t) = e(®){ (ri(t) - v/ (1)) dt + vdWo(t)}

e(0) = given initial exchange rate,

with a volatility parameter v. The value of the American put option on the
foreign currency, for the period s > 0 and with the striking price K, is

(3) supE (e~ ()7 (fr _ (7))

7<s

In general the process, y(t) = (r“(t),rf(t),e(t)), t > 0, is not Markov-
ian and one can not evaluate the option knowing only 7%(0), r/(0), (0).
Following [10] and [15], one can lift the process y(t), ¢t > 0, to a Markov-
ian one, replacing interest rate processes by the forward rate processes.
Let r¢(¢,£),t > 0,€ > 0 and r/(t,€),t > 0,€ > 0 be the domestic and
foreign forward rates functions at time ¢t > 0. Then r%(¢,0) = r%(t) and
r(1,0) = #/(t) and r%(t,£) and r/(t,£) are the domestic and foreign ex-
change rates at time ¢+ £ as perceived by the market at time t. Equivalently,

- [€r9(t.m)d
5 I3 (n)n,

is the value at time t > 0 of a zero-coupon bond maturing at time ¢ + £.
In the paper [8], Gatarek and Musiela assumed, following [15], that r(t, -)
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and r/(t, ), t > 0 are Gaussian - Markov processes on H = L%(0,+00) of
the form:

dré(t,€) = ((%r‘*(t,f) + a“(&)) dt + (o%(€),dW; (1))
(4)
drl(1,6) = (a%rf(t,e) " af(e)) dt + (o! (), dWa(1)),

where Wy (t), Ws(t), t > 0 are finite dimensional Wiener processes and,

£
a®(€) = (a¥(€), 0! L
(€) = (a%(€), /0 ()dn)

£
o () = (o7 (¢), J./ od (m)dn),
0

(-, -) denoting the scalar product.

Let W(t) = (Wo(t),‘/vl(t),W2(t)) be a new Wiener process. Then the
process,

X(t) = (Td(t’ 1 )’ Tj(ta Y )’ e(t))’ t>0,

satisfies a stochastic Ito equation on F = H x H x R, with respect to the
Wiener process W(t),t > 0. Denote the components of z € E by z,,z,z3
then, the quantity (3) is equal to,

supE (efor S ETIAD o(X(r, z))) 5
r<s

where

O(II,IL‘Q,.’E;;) — —iEl(O),

@(z1,22,23) = (K - za)t.

The unpleasent feature of the discount function a is that it is not con-
tinuous, or even well defined on E and therefore the general theory is not
directly applicable. This difficulty has been approached in [8] by an ad hoc
method. If one replaces however the Hilbert space L*(0,+400) by the space
C.[0,+00) of continuous functions on the interval [0, +00], or by the space
W12[0, +00) of absolutely continuous functions with square summable first
desivative [var], the theory developed here is applicable. It is not difficult
to formulate rather unrestrictive conditions on (4) implying existence of
continuous forward rates processes in C.[0,+00) or in w2 [0, +00) .
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Modelling the forward functions by a Gaussian process leads to a pos-
sibility of negative interest rates.Therefore it is desirable to consider non-
Gaussian models. In fact the equation for the forward functions 7(-, -)
derived in [10] was nonlinear:

dr(1,€) = (%r(f,f)-}- a(f,r(t,-)))dt
+ (o(&7(1,0),aw(), 20,

o(6,20)) = ((6.50), [ o(&,2m)an),

and o could be, in general, a nonlinear functional of £ > 0 and of function
z2(n), n > 0. The solution to such an equation is a Markov processes to
which the general theory of stopping is applicable.
In some papers jumps component are added to the equation (5), see [4].
As a result one obtains solutions which are discontinuous processes.
Summing up, there are good reasons to develope stopping time theory
for general Markov processes on Polish spaces.

(5)

where

3. Continuity condition. Let (E,p) be a Polish space with the family
& = B(E) of its Borel subsets. By D(0,7) and D we denote the spaces
of all F-valued, right-continuous functions having left-hand limits, defined
on the intervals [0,T], T > 0 and [0, +00) respectively, equipped with the
Skorokhod topologies, see [3, Chap. 3]. For any Polish space E we denote
by M(FE) the space of all probability measures on (E, ) equipped with the
topology of weak convergence. The spaces D(0,T),D and M(E) are Polish.
The Banach spaces of Borel, bounded and of bounded, continuous functions
on E, with the supremum norm, will be denoted respectively by By(FE) and
Cy(E).

We assume that given is a transition function P;(z,I'),t >0,z € E,T € £
which defines a transition semigroup (P;) on By(E):

6)  Ple) = /E Py(z,dy)¥(y), ¥ € By(E), t>0,z¢E.

Let (Q, F,P) be a probability space and (F;) an increasing family of o-
fields. The o-fields F,,t > o are assumed to be complete with respect to
the measure P. An E-valued stochastic process X(t),t > 0 is said to be
Markov with respect to {(P,),(F,)} if

(7) E($(X(L+ h)|F) = Pap(X(1)), P-as.
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for arbitrary ¥ € By(E) and t,h > 0.
For the presentation it is convenient to introduce a family of {(P,), (fg)}
Markov processes X(t,z), t > 0, parametrized by z € F, and such that

(8) ltifxl]] X(t,z)=z, P-as.

Although the o- fields (F;) and the probability spaces (2, F,P) may be
different for different versions of X the semigroup ( P;) is fixed once for all.

We will often use the following assumptions (A.1) and (A.2):

(A.1) For arbitrary z € F,
]P(X(-,x) € D) =8
We denote by P* the distribution of the process X(-,z) on D(0,T).

(A.2) For arbitrary T > 0 the mapping ¢ — P* from E to M(D(0,T)) is

continuous.

Assumption (A.2) will be called the continuity condition. It is equivalent
to the continuous dependence of the laws of the Markov processes X (-, z)
on the initial condition z € E. Both assumptions (A.1), (A.2) are satisfied
in many interesting cases.

Remark 1. We restrict our considrations to the time homogeneous Markov
processes and functions «, @, ¥, independent of time. Extensions to the time
dependent case can be easily obtained by passing to the time-space Markov
process X on E = R! x E given by the formula:

X(t,2) = (s +1t, X(t,z)),t >0, % = (s,z) € E.

The rest of the section is devoted to some consequences, of the introduced
assumptions, needed in the sequel.

Together with the semigroup (P;) we will work with a semigroup (P,):
Pp(z) = E (el X CDio g (X (1,2))), p € By(E), t 20, z € E,

determined by a function o : E — R.
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Proposition 1. Assume that assumptions (A.1) and (A.2) hold.
Ifa € Co(E) and ¢ € Cy ([U +00) X E) then function v:

v(s,2) = Pyp(s,)(z), s>0, z€kE,

belongs to C,,([O,T] X E), for all T < oo.

Before proving the proposition we recall some results from [3].

Lemma 1. If f € D(0,T) then for arbitrary ¢ > 0 there exists a finite
number of points 0 = tg < t; < ... < t, = T such that for arbitrary
k=1,2.. 1 ns

(9) sup {g(f(1), f(5))5t,5 € [thorstr)} < €

Proof. Define r as the supremum of all those t € [0, T] such that the interval
[0,1) has a decomposition satisfying (9). Since f(0) = f(0+),r > 0. But
the limit f(r—) exists and therefore also the interval [0,7) has the required
decomposition. Thus r cannot be smaller than T. =

It follows from the lemma that, in particular, the image of any function
f €D(0,T) is contained in a compact subset of E.

Lemma 2.

1) Arbitrary function f € D(0,T) has at must a countable number of dis-
continuities,

ii) If function f € D(0,T) is continuous in t € [0,T] and f, — f in
D(0,T),tn — t,(ta € [0,T)), then fu(tn) — f(t).

Proof. The proof of i) follows from Lemma 1. To show ii) notice that by

the definition of the topology on D{0,T), there exists a sequence (A,) of
strictly increasing functions from [0, 7] into [0,T] such that

sup |An(s)—s| — 0, sup I/\Il(s) -s|—0.
s€[0,] $€[0,T)

Let £, = A;!(tn),n= 1,2,.... Then
[fa(ta) = F(O] < 1fa(An(fn)) = fE) + 1f(En) = f(t)| — O

as required. m
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Proof of Proposition 1. Fix T > 0 and let z, — z,t, — t. By the
Skorokhod embedding theorem, there exists a probablhty space (Q, F,P)
and D(0,T) - valued random variables X,,n = 1,2,. . Xoo such that:

L(X,) = P, L(X) = P7,
and P- as., X, — X in D(0,T) as n — +o0o. Assume first that t = 0 and

a = 0. Since XOO(O) = r and by Lemma 1, P-as. limy_g Xn(tn) = Xoo(O)
therefore,

ﬁ:(zp(tn,f(n(tn))) = E(w(o,Xoo(O))) = (0, 2).

In particular P, (z,,-) = 6(;)(-) weakly as t, — 0 and z,, — z.
We show next that for arbitrary t € [0,T],z € E,

(10) P(lim X(s,z) = X(t,:c)) - 1.

st

Define ¢(z,y) = p(z,y) A1, z,y € E and let t, Tt. Then
E(¢(X(tn,2), X(t,2))) = E( | Pice, (X(tn,2),dy)o( X (tn,2),4) )
(p(X(tn2), X (2,2))) (/E tt,( (tn, ) y)w( (ta, ) y))

Since P(X(tn,m) — X(t—,z) asn — +oo) =1 and P (2n,:) —
6(z)(-) for arbitrary sequence z, — z,

E(Lp(X(tn,z),X(t,x))) - E((p(X(t—,:z:),X(t—,z)> =

But
"li_’n;o E (¢(X(tn,2), X(t,2))) = E ((X(t—,2z), X(2,2))) -

Consequently (10) holds.
Note that

v(tn’ xn) o Pt,.w(tn, ')(zn) = E ( .. (Y (a)) (tn, n(tn)>

By (10) and Lemma 2, ii), f(n(tn) — Xoo(t), P- a.s. as n — +00. Moreover
by Lemma 2 i), X,(s) = X(s), for almost all s € [0,T] and by Lebesgue’s

theorem
A;n a(Xn(s))ds . A‘a()'(oo(s))ds, £ [ e i)
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P - a.s. Therefore

li'r‘n V(tn,zn) = E (ef°n a(,\’w(a)) dali'(!. -i'm(f))) =v(t,z). ®

Let us recall that a stochastic (F;) - adapted process X is said to be
quasi-left continuous, if for arbitrary sequence of (F;) stopping times 7,
increasing to T:

X(mn) — X(7), Pa.s.asn — oo.

We will need also the following probabilistic consequences of the continuity
condition (A.2).

Proposition 2. If assumptions (A.1), (A.2) hold then,

1) Arbitrary process X (-,z) is quasi-left continuous,

ii) Forarbitrary compact set K C E,T > 0 and £ > 0 there exists a compact
set L C E such that,

P(X(t,x) €Lforallte [O,T]) >1-c¢, forall z € K.

Proof. i) The proof of quasi-left continuity in the case of locally compact
spaces is valid also in the present more general situation, see [9, pp. 125-

126).
ii) Since the set K is compact and the transformation z — P is continuous,
the set of measures K = {P%;z € K} is compact in M (D(0,T')). Therefore
there exists a compact set £ C D(0,T) such that,
Px(‘c) Z 1- €
for all z € K. Define
L = {y;y = f(t),for some f € L and t € [0,T]}.

It is enough to show that the set L is compact. If y, € L then y, = fn(t,)
for some f, € £ and t,, € [0,T]. There exist subsequences { f,, }, {tn, } such
that f,, — f € L and t,, — t € [0,T] as n — +00. Moreover for some
sequences of increasing functions A : [0,7] — [0, 7] and numbers 2, ,

S (te) = S, (Ak(fﬂk )) - f(t)
and y,, — y = f(t) € L. The proof is complete. =

4. Continuity of the value function. Bounded data. Our aim in the
present section is to prove the following theorem.
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Theorem 1. Assume that (A.1) and (A.2) hold and that a, ¢, € Cy(E),
i) > ¢. Then the function V:

V(s,z)=supE (Cfur a(X(0,2)) do [¢(X(T,$))Xr<s + d)(X(s,:c))x,:,])

T<s
defined for all (s,z) € [0,+00) x E belongs to Cy([0,T]x E), for all T < .

Proof. Let us fix h > 0 and s > 0 and let £ = 0,1,... be such that
kh < s < (k+1)h;if s =0 weset k =0. By 7 we denote the set of all (F;)
stopping times. Let 7" be the set of all 7 € T which do not take values in
the interval (kh,s) and 7} the set of all those 7 € T which take values from
the set {0,h,... ,kh,s} only. If 7 € T then define :

h_{r if r < kh
" ls ifkh<T<s,

0 ifr=0
=< ({+1)h iflh<T<(+1)h<kh
s ifkh<r1<s.

Let J4(7) be the functional (1) corresponding to the process X(t) = X (¢, z),
£ > 0.
We show first, in two steps, that

[sup Ju(r)  sup J(r )|5supE( 5 a(x(@))dr o x (r)))

(11) T €T T<s
+sup]E( 53 o(X(@)) do '/’(X(r)))
r<s
where
rf(z) = sup |p(z) — Prp(a)l
t<h
rn(z) = sup|p(z) - Pyp(z)|, « € E.
t<h
Step 1.

Isup 7u(r) = sup 7,(7) < sup B e{xaf e (x)).

TeT TeTHh
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Note that
Ti(r) = Tu(rh) + “('“”)“s:(.\'(r))\mm,
< Ju(rh) +e (x("))dW(X(r))m«q

- ef‘; ° (X(a)) dail) (X(S))th<f<s-

However, by the Markov property,

E(earu' o (X[o]) daﬂi(){'(s)) \'kh<,<,)

:E(efof a(.x(ol) do I‘)’_Tw(/Y(T))th<7<,) .

Consequently,

To(1) < To(T") + E (BIJ Q(X(a)) 4 (¢(X(T)) = Ps-fill(X(T)))th«q)

T€T T€TH T€T

sup Js(7) < sup Js(7)+ supE ( I (X(a)) rW)(X(T))) C

and therefore

|sgg]s(r) - sup JIGI< smelpT)]E ( Iy G(X(a))darhz/)(X(r)>> ’

as required.

Step 2.

T€T

|supJ,r)—supjs(rh)|<supm(f i rhqs(k'(r)))..

It is clear that

| sup Js(r ) - sup Js(ma)| = | sup JTs(7) — sup Js(7)l

T€T TETH TeTh
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If now 7 € T" then,

Jr) =E {efor "(X("))d”tp(X(‘r))xrgkh + efo’ a(X(a))dad)(X(s))XT:s}

js(rh) _ E {eforh Q(X(a))da‘p(x(rh))X‘rSkh + efo‘ Q(X(a))daw(x(s))X'r‘:s}

ngkh} .
{{+1)h

E { [efo' a{.\'{o})rf:'@{ X(r)) - efo °(X("))d"¢(X(lh))] X{Ih<r§(l+l)h.}}

and

Ts(1)=Ts(1h) = ]E{ [efo' o(X(9))do 4 X (7)) — eho” 0'(X(a))dvq‘«,(_)(ﬂ‘)

By the Markov property,

=E {fff°r a(X(o)do (¢(X(T)) - P(l+1)h—~r¢(X(T))) X{1h<r5(1+1)h}}

for { = 0,1,...,k — 1. Therefore the proof of step 2 and of the required
basic inequality easily follows.

Denote now,

Vi(s,z) = sup E(Js(7)).
TET)

By the discrete time dynamic programming applied to the Markov chain:
X(0,z), X(h,0), ..., X(kh,z), X(s,z), and to the reward functionals
E(Js(7)), the functions V" are given by the following recursive formulae :
Vh0,2) = (),

Vih(s,z) = max(p(z), P,V(0,-)(2)), s € [0,h],

(12) !
l_ Vh(s,z) = max(c,o(x),f’hV"(s - h,-)(z)), s> h.

Therefore, by Proposition 1, VA(-,-) € Cy([0,+00) x E).
The first part of the proof implies that,

IV(s,z) - Vh(s,z)| < SlipE (e,i'u' J(.\’{a.:l) d"’rf(/‘((r. :r_)))

+supE ((;H : ('“”’x]) d“r';:' (_X’(r,r])) .

7<s

By Proposition 1, 7} — 0 and r; — 0 uniformly on compact sets as h — 0.
Therefere, by Proposition 2, for arbitrary 7" > 0, arbitrary compact set K,
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and arbitrary € > 0 there exists a compact set L and number hg > 0 such
that

ré(y) < e, rh(y) <eforall ye Lhe0,ho

and
P(X(tz)e L, te[0,T]) > 1-¢, forz € K.
Thus |V (-,-) = V*(-,+)| — 0 uniformly on [0,T] x K as h — 0. This proves

the continuity of the value function V. =m

5. Extremal properties of the value function. The following two
characterizations of the value function are of independent interest.

Theorem 2. Under the assumptions of Theorem 1 the value function V is
the smallest bounded, measurable function with the properties:
1) V(0,z) > 9¥(z),V(s,z) > p(z), forall s> 0,z € E
i) PV(t,:)(z) L V(s+1t,z2), s,t>0
Proof. Let h, = 1/2",

Va(s,2) =V (s,z),n=1,2,..., 520, z€ E.
Since Va(0,z) = ¥(z) and Va(s,z) 2 ¢¥(z), n = 1,2... and V = limV,,,
therefore V satisfies i). Since for s > h, V'(s,z) > P,V*(s — h, -)(z),
therefore if t = k£/2" < s, by the semigroup property,

Va(s,z) > P,Vn(s - t,-)(z).

Consequently ii) holds for all ¢ > 0 and dyadic s and thus, by continuity
of V and Proposition 1, for all s > 0. Assume now that V is a bounded,
measurable function for which i) and ii) hold. We will show that:
(13) V(s,:z:) > Vh(s,z), forall f>0, s>0,z € F.
Fix h > 0 and s € [0,h]. Then
Vh(s,2) < P,V(0,-)(z) < V(s,1).

If VA(t,z) < V(t,z) for t < kh and kh < s < (k + 1)h, then

Vi(s,z) < PyV(s — h,-)(z) < V(s,2)

and the result follows. m
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Let us fix ¢ € Cy(E) and s > 0, then the value function V can be
regarded as an operator acting on the final function :

V(s,:l?) = Vy(z).
For an h > 0 define a mapping G : Co(E) — Cy(FE) by the formula:
Gn(¥) = max(p, Patp).

It follows from (12) that for n = 0,1,...

Vh(nh,z) = Gy (Vh((n )i -))(z) = Gry(z).

This easily implies that the operators V,,s > 0 form a semigroup of
nonlinear operators, compare [16], on the set

K.={v €CyE): v 2 ¢}

Theorem 3.
i) Under assumptions of Theorem 2, (V) is a semigroup on K. such that

(14) Py < V1, forall s >0, ¢ € K..
ii) If (V,) is a semigroup on K. satisfying (14) then

V. < Vi, for all s > 0, veKX..

Proof. It is enough to show ii). Set V(s,z) = Vo(z), s > 0,z € E. Then
V(0,z) = ¥(z), and

V(s,z) > ¢(z), s>0, z€E.

From the properties of (13,):

V(s+t,2) = Voyetd(z) = V(Vedp)(z) > Pi(Vepp)(z) > P’(V(t’ 5)(2:)

%

and by Theorem 2, V(s,z) > V(s,z) = V,¥(z). The proof is complete. =

6. Existence of optimal moments. By X(t), ¢ > 0 we denote {(P;),(F¢)},
quasi-left continuous Markov process with trajectories in ]D([O,+oo);E).
There is no need to specify the initial condition of the process X in the
present section. We use convention, inf ) = s.
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Theorem 4. Assume that assumptions (A.1) and (A.2) hold and that
a,p. P € Co(E), ¥ > . For fixed s > 0 define

#=inf{t <s: Vb(s—t, X(1) = (X))}

Then 7 is an optimal stopping time and:
E ( ks @ (x@)de [ (X (#)) x1., + w(X(f))xh,]) = E(V (s, X(0))).

Proof. Step 1. Fix § > 0 and define
os = inf {t <Js: V(s -1, X(t)) < gp(X(t)) + 5},

then
o517, as 6§ | 0, P—a.s.

It is clear that o5 is a decreasing function of § > 0 and that o5 < 7, for all
6 > 0. Denote 7 = limg_g9 0s. Then 7 < 7. If ¥ < s then

V(s - oy, X(og)) < cp(X(ad)) +6

and by the quasi-left continuity of X,
v(s-, X(%)) <o(X(®).

Since V > ¢ one gets that V (s -7, X(f‘)) ( (7 ) 5 7. Thus if
s an

7 < s then 7 = 7. However if 7 = s then also 7 = s and 7 in general.

The following result follows easily by backward induction. For the defi-
nitions of V" and 7}, see the proof of Theorem 1.

Lemma 3. For each s > 0,0 < h < s define,
7n = inf {kh < s; V(s = kh, X(kh)) = o(X (kh))}.

For arbitrary 7 € Ty such that T < 7y,

(15) E(V"(s,X(0))) = (fo (X(”))d"V"(s—T,X(T))).

Step 2. Let

0‘5h=/€h if(k—l)h<06§khfs
=s if (k=1)h<s< kh.
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For h sufficiently small and all ¢ € [0, s],
Vi(s -1, X(t) +6>V(s—1t,X(t)).
Therefore 74 > ogp, P - a.s., for h sufficiently small. Applying (15) to

T = Th A 05, one gets, by the right continuity of the process X(.) and the
uniform convergence of V" to V on compact subsets of [0, +o0) x E,

E(V(s,X(0))) = E (efo” o(X(0)] aoy (¢ - aé,X(aé)))

<E (efo"‘ (X4 [ (o (X (35)) + ) Xou< + 'uf"(z\'(s})xa,n]) .
Note that
¢(X(05)) Xos<s + w(X(s))Xw:s

= _sa(X(os)) Xos<s + ¢(X(S)) xa,=,:

X#<s

+ }p(X(og)) Xos<s T IP(X(S))Xn:s: X#=s

= cp(X(Ua)) Xos<sXi<s

-

+ lv(x(as)),\-m, 4 9(X(3))Xeums| X020 = I 4 1.

By the quasi-left continuity of X, I} — «,O(X(i')) X#<s- On the other hand
if 051 8 then cp(X(aa)) - cp(X(s)) < w(X(s)) as 6 | 0. Consequently

B(V (5, X(@)) < B (e *) 9 [o(x(1) s caxrcs + $(X(6)xi=])

as required. =

7. Extension to unbounded functions and an application. We will
now dispence with the restriction that functions o, ¢ and ¢ are bounded
and impose a weaker condition:

(A.3) Functions a, ¢, are continuous and bounded on bounded sets and
1 > . Moreover for arbitrary compact set K C E and arbitrary T > 0:

(16) E( sup LR (x(e,2)) do 1,/,,(X(t,:::))‘) < 4o00.
(elo.

We have the following main result.
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Theorem 5. Assume that conditions (A.1), (A.2) and (A.3) hold.
i) The function: V : [0,+00) x E — R,

V(s,z) = SlLPE( Jo o )A(a ) da[gp X (r :z:))x.,<, +¢( (s, :L‘))X1 ,D ;

is continuous.
ii) For arbitrary {(Pg),(]:g)}, quasi let-continuous Markov process X the
moment,

7= inf{t < s; V(s - i,X(t)) = 99(X(t))}
is optimal:

E(v(s,X(O))) = J,(7, X (0)),

Proof. i) Let T be a fixed positive number and K a fixed compact subset
of E. It follows from Proposition 2 that there exists an increasing sequence
of compact sets (L,) such that for all z € K,

1
]P(X(t,:c)e L, foralte [o,T]) 21-—,n=12...

For each natural n denote by a,, ¢, and ¥, bounded continuous functions,
identical to a, > and ¢ on sets L, and such that

ay < at, fou| <ol [¥n] < |9l on E.
Then functions W, : [0,+00) x E — R,

W,,(s,:t) = sup ]E( fo a..(X(a T) do[(’g 1- ;r))xf<_, + zl)n(X(s,I))X«r:,])
T<s
are continuous by our previons results.Define:
[ X(o,x
€= sup le° ( = })

T€EN,
telo,T]

(x|

and
i {X(a,:t) € L¢, for some o € [0, T]}

Note that for arbitrary s € [0,T], z € K:

W. (sz)-V<sm)|<2supm:< s (e i

"o (xn2)] xAn)

< 2E(£ xa,)-
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By (A.5), £ is an integrable random variable and by Proposition 2,
P(A,) — 0 as n — o0o. Consequently E(£ x4,) — 0 as n — oo and

sup iW,,(s,a:) - V(s,a:)l — 0 as — +00.
sefo,7)! '
TeK

This proves the first part of the theorem. ii) Let V" be the functions (12)
defined in the the proof of Theorem 1. As in the bounded case functions V*
are continuous. The sequence V1/2" n = 1,2... increases to the continuous
function V and by Dini’s theorem the convergence is uniform on compact
sets. Now the proof of Theorem 10 can be repeated with functions V*
replaced by V1/2", =

Application to the financial model. We conclude the paper by some
comments on the applicability of the developed theory to the financial model
from section 2. Let us consider equation,

J
(17) dr(1,€) = ( (1) + a(f))dt + (o(€), dW (1))

for the forwared curve, see section 2. Denote by E = Cy(0,00) the space of
all continuous functions defined on [0, c0) vanishing at oo. If for instance
functions @ and o are in F and the first derivative of ¢ is in E then the
equation (17) has a unique, continuous solution in E. Taking this into
account and applying Fernique’s result from [6] one can easily check that
the assumptions of Theorem 5 are satisfied for the optimal stopping problem
related to the American put option discussed in 2, see also [8].
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