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Abstract. The coefficient problem for holomorphic bounded and nonvan­
ishing functions in the unit disk related to the Krzyż conjecture is discussed.

1. This note may be considered as a continuation of our work [2], where 
corresponding references can be found. Let //(B) denote the set of holo- 
niorphic functions in the unit disk D = {z G C : |^| < 1}. In the sequel we 
consider the following families of functions:

(1) Z? := {/ e //(D) : f(z) = a0 + aiz + • • • , |/0)| < l,z € O} ,

(2)

(3) V := {p e tf(B) : p(z) = 1 + pi-z + ••• ,Rep(^) > 0,z e B}.

With no loss of generality we may assume for f £ Bo the normalization

(4) a0 = e~f, t > 0.
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The Krzyz conjecture [1] asserts that for f(z) = e ‘ anZn € Z?o •

2
(5) max |an| = - = 0.73575... , n = l,2,...,

feB0 e

with the equality (up to the rotation) for the function Fn(z) = F(zn), 
n = 1,2,... , where

(6) F(z) = exp = - - ~z + ••• , zeD.

The above conjecture has been proved for n = 1,2,3,4 only, and in 
general, it is known that for every n, |an| < 0.99918....

The following lemmas will play a crucial role in our considerations [2].

Lemma 1. A function f(z) = e~l + e an^ on^ jt ^as
the representation

(7) /(z) = exp{—Zp(z)}, z e D, Z > 0,

where p € P.

For the coefficients an of a function f 6 Bo we have from (3) and (7) the 
following

Lemma 2. If f(z) = e~l + 12n=i anZn £ Bo, then 

n-1
(8) fln = (_i)£

j=o

The function po(z) = € P which corresponds to the extremal case
in the Krzyz conjecture has the property: p} = p2 = ... = pn-\ = 0.

Because of this fact it is natural to consider the subcalsses of Bo ’’gen­
erated” via formula (7) by such functions p £ P which are in some sense 
’’close” to the function po(z).

For a given integer n = 3,4,... and k £ {l,2,...,n — 1}, let 
Bo(n,k) C Bo denote the class of functions generated via (7) by the class 
P(n,h) C P consisting of functions p(z) = 1 + pkz + pnzn + • • • with the 
property: px = p2 = ... = pk-\ = Pk+i = • •-Pn-i = 0.

In [2] we have proved that |an| < 2/e in the class Bo(n, 1). Because of the 
formula (8) we easily see that if pi = p2 = ... = pk = 0 and k > [y] , then 
|an| = Ze-£|pn| < 2/e, and therefore an interesting question arises what 
would happen if one of the coefficients pk 0 for k < [y] .
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2. We have

Theorem 1. Let n = 3,4,... be a fixed integer and s = 2,3,4,••• • F°r 
f Ç. 6o(n, fc) we have:

(9) 

and

(10)

an = (—tao)pn if n = ks + l, l = l,...,k — 1

an = (—ta0) Pn +
(-*)

-Pk if n = ks .
s — 1

Corollary. If f € B(n, k) and k is not a divisor of n then 

|an| < 2te~l < 2/e.

Therefore we have to consider only such fce{l,2,...,n — 1} that n = 
ks,s = 2,3,... . Of course, the above remark implies that it is enough to 
consider only k < [y] .

Proof of Theorem 1. From (8) we obtain that for f € Bo(n, h) :

flu = (-<)
Jfc

a0Pn + “On-fcPfcn

Again by (8) we get

®n — k — ( f) a0Pn-k + ®lPn—fc—1

Pl

If k > n - k, i.e. k > n/2, then an_k = 0 and an = -taopn-
If k = n/2 (therefore n is even), then an_fc = an/2 = -taopn/2 and

— ( tdo) Pn 2^Pn/2

If 1 < k < n — k, then there exists an integer s, such that pn_fc_s = pk 
Therefore s = n - 2k and we have

k
------ -¡-an-2kPk
n — K

an-k = (-0
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which implies

®n — ( 0 G0Pn + (“O’ * ^n—2kPkn — k n

Continuing in this way, we conclude that if k < n/s, s = 2,3,... , then

(11) an = (-/) aopn + —---- —77—77-------

and if k n/s, then
ffln = ( ta0)pn-

Using again (8) and (11) we obtain (10).

In order to estimate |an| for f € Bo{n,k) we will apply the special form 
of Caratheodory inequalities [2] for the class P(n,k). These inequalities 
are equivalent to the nonnegativity of all principal minors of the following 
determinant:

(12) A" =

2 0 ■. ■ Pk ............... 0

0 2 0 Pk 0

• 0

Pk

Pk 0 "• • • * . • • 0

• *• "• • • * • 0

0 • . . Pk ............... 2 nXn

and nonnegativity of the determinant

(13) A" -

2 0 ... Pk ... ... Pn

0 2 ' •. 0 Pk 0
* 0

Pk Pk

0 •. 0

• •. *. 0
*. 9P7 ... 0 Pk ■ ■■ L (n+l)x(n+l)

Therefore, we will need explicit formulas for some special determinants.
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Lemma 3. Let rj and r2 denote the roots of the equation: r2 — cr + ab = 0, 
where a, b, c are arbitrary complex numbers. For given integers n = 3,4,... 
and k = l,2,...,n-l we consider the following nx n determinants:

c 0

0 c

(14) =W^\a,b,c) b '• 

0 b

a 0 ... 0 

0 a :

0

a

0

0 b0

(15)

V*-1 = Vnfc-1(a,6,c) =

0 0 ... 0 a 0 .............. 0

c 0 * 9 • , a 0

0 c 0 0

0 •. •. a

b 0 • , c 0

0 b 0 0

0 0 b 0 0 c 0

(The determinant has only three non-zero diagonals consisting of
the same elements: c’s on the main diagonal and a’s and b’s which start at 
(b + 1 )-th column and (k + 1 )-th row respectively.

The determinant Vnfc_1 has only three non-zero diagonals consisting of 
the same elements: c’s which starts at the second row, a’s which starts at 
the k-th column, and b’s which starts at the (k + 2)-th row).

We have the following formulae (n — ks + I, s = 0,1,2,..., 1 = 0,1,..., 
k - 1):

(17) (
 »+1 _ _a+l \ fc_1

) if 1 = 0
r2 - n 7

= 0
if 1= l,2,...,k- 1.



78 Z. Lewandowski and J. Szynal

Proof. Two cases n = ks and n = ks + /, I = 1,... , k - 1 have to be 
considered separately. After some elementary manipulations with rows and 
columns in a similar way as it was done in [3] we obtain that each of the 
determinants IT*-1 and Vnfc_1 is the product of some blocks which have the

form or l¥f+1. But it is well known that l¥f(a, b,c) = — [2],
which ends the proof.

Now we can prove our main result.

Theorem 2. Let n = 3,4,... be a given integer and assume that f(z) =
00

e~l + 53 an^n E &o(n,k). We have the following sharp bounds: 
n=l

(a) If |pfc| < 1 and k — \l 1 - |pfc|2, then we have:

(H-fc)s+1-(l-K)’+1+2/t(l-K2)’/2 /1 ..2\s/2P~1

for t < ti(K)
a + l

(18) |an| < te • <
(l + at)’+1 —(1 —«)

(1 + K)a_(1_K)a

for t =

(1W+1-(1-«)3+1-2k(1-«2)j/:! I n _ K2^/2f!Zl 

for t > Zi(k),

where

(19) *i(k) =
2ks! , k6[0,1].

(1 + k/-(1-k)s 

(b) If |pfc| = 1, then we have

( 1 + 7 - fort< "V(s ~ !)!

(20) a. < te-t for t = 3\/(s - 1)!1 + 7 

1 +

i/(s-i)

for t > 3-</(s - 1)!.

(c) If 1 < \pk\ < [cos ^-] and cosy: = j+p siny: = - 1,

then we have

(21) |an| < te"' •

sin(s+l)y+sin y> _ 1 . t’"1
cosyisinscp cos'y s!

sin(s+l)y
cos yisin sip
sin(s+l)y-sin p . 1 . t*~]

cosy> sin sp cos’y s!

for t < t2(y?) 

for t = t2(y?) 

for t > t2(y:),
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where

1
(22) W) = s!

cos3 1 <p sin <p
sin sip

All above estimates are sharp.

0 < Ç5 <
7T

s + r

Proof. If f G #o(n, k), then /(z) = exp{-tp(z)} where p € P(n,k) and by 
(10) we have

ftn — ( trig) Pn +
(-Î)s-1

s: -Pi n = ks.

By (12) and (13) the Caratheodory inequalities have the form:

A” = 2 > 0, A” = 22,... , A* = 2* > 0,

&" = w£-'(pk,pk,‘2)>o, q — k + 1,1- +2,... , n = ks, 

A"+i > 0.

By the formula (16) we have

rm+l _ rm+l x k-l ^to+2 _ ^m+2 ,
r2 - Ti ) V r2 - r, ) '

q = km + I, m = 1,2,... , s - I = 0,1,... ,k — 1 where ri and r2 are the 
roots of the equation r2 - 2r + |2 = 0.
If |pfc| < 1, then r2 = 1 + y/l - |pfc|2, r, - 1 - ^1 - |pfc|2 and A'q' > 0, q = 
k + 1,... , n.
If |pfc| = 1, then r2 = r} = 1 and A" = (m+ l)fc_i(m + 2)' > 0, m = 
0,... ,s, I = 0,1,... ,k — 1.
If 1 < |pfc| < 2, then denoting by cosy? = jAy, sin <p = ■fo^Pk'f - 1 we 

have r2 — |pfc|e,<p, r\ = |pfc|e~tv. In this case we have

,,n a; = w*»-1» (si°<m+"'m'.”-»»I +M,
(24) ’ ( sin <p J ( sin<p J

m = 0,1,... ,s - 1.

Therefore all A" are nonnegative if sin(s + 1 )<p > 0 which holds if 0 < 
<p < which is equivalent to the inequality 1 < |pfe| < co;.1 T , s = 2,... , 

which further has to be assumed.



80 Z. Lewandowski and J. Szynal

The inequality A"+1 > 0 gives the precise region of variability of pn in 
terms of pk and we have [see [2], formula (20) and (21)]

(25)

where

A"+1 > 0 |p„ - w"| < 77"

(26) w" = (_!)" K" = -$L, n = fca, 5 = 2,3,...
^n-X kn—1

By Lemma 3 and formula (16) and (17) we obtain:

/ »+1 __«+i\ fc^ = ^.-1(wa.2)=( \2_r; )

s + l T k

(27)
20-Ip* Is

(«+1?

. ip*r'(i5^)'

if |pfc| < 1

if |Pfc| = 1 

if 1 < |Pfc|

(28)

(20- |P*|)

,fc-l5(3 + 1)
|p I sin ay . /sin(»+l)0 

k sin y sin J
fc-l

if |Pk| < 1 

if IPfcl = 1 

if 1 < IPfcl

(29) C» = V/;-1(pfc,pfc,2) = (-l)1(n+n.p. Zri+1 — r4+1\p-------
\ r2 - n )

where n and r2 are as above depending on whether |pfc| < 1 or \pk| = 1 or 
|Pk| > 1-
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Now we can write by (10) and (25) (n = ks, fc = 1,2,... , [y])

\S — 1

|an| = te-t Pn + “ “j P'k < te -t
-Pk5!

< +

= te-t ( ijnf lVn+1}*ii* . Ti ri
(. Pk ¿n ,+i _ s+i

^n-l r2 rl

A"nn-l s: P* = |pt|e‘8

= te-t A"=2_e‘* + (_l)'e.«-|pt|t'0si |S

A"_l
(-1)

fcs+fcs2 Tl - Tl t
p5+l _ r«+l — ri

s—1

r2 - ri t»-i

L^u-i _»+i _ _«+i r9 — T-,

where and 3 can be chosen in such a manner that the sign of equality is 
always possible.

Applying formulas (27) and (28) we conclude the proof.

Remark 1. We may observe that the right hand side of the inequalities 
(18), (20) and (21) is exactly the same as in the inequalities (23), (25) and 
(26) in [2], where for n we have to substitute s and in the place of pi we 
have to put pk-

Therefore the rest of the conclusions is exactly the same as in [2] and we 
omit them. The special case p = 2 (not covered by the results in [2]) follows 
from the same formulas.

Finally we have

Corollary. Let n = 3,4,... be a given fixed integer and assume that
oo

f(z) = e~f + £ amzm 6 B0(n,k). Then we have |on| < 2/e. 
m=l

Remark 2. One should emphasize the importance of inequality (25) which 
can be formulated as follows.

If p(z) = 1 + PkZk + PnZn + • • ■ € P(n,fc), then the region of variability 
of {pn} is the closed disk

Pn - (-1) Pk
s+i _ „s+is* r2 ' * - r

_3+l _ _J+1
< —----------— if n — ks

t2 — Plr2 - n
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and

rs+i _ «•*+!
(30) |pn| < —-------- i— if n = ks + l, l = l,... ,k - l

r2 - ri

where rj and r2 are the roots of equation r2 — 2r + |p*:|2 = 0.
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