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ABSTRACT. In this paper we prove that if f is a univalent, sense-preserving,
harmonic mapping of the unit disc onto the symmetric strip | Im w| < 7/4
such that f(0) = 0 < f,(0), then f € h? for 0 < p < 1. Moreover, we show
that the harmonic Koebe function kg given by formula (1) is not in A? if
p>1/3.

1. Introduction. Statement of results. Let A denote the open unit
disc in the complex plane C and Sy denote the class of all complex valued,
harmonic, sense-preserving univalent functions f in A, with the normaliza-
tion f(0) =0 < f2(0). Each f € Sy can be expressed as f = h + g where
h(z) = Z:‘;l a,z" and g(z) = 3., bn2"™ are analytic in A. The subclasses
of Sy consisting of harmonic mappings onto convex and close-to-convex re-
gions will by denoted by K}, Cy, respectively.

Let H? (h?), 0 < p < oo, be the standard Hardy space of analytic
(harmonic) functions on A. In 1990 Y. Abu-Muhanna and A. Lyzzaik [AL]
proved that if f = h+ g € Sy, then h,g € H? and f € hP for every p,
P € (0,(24 4+ 2)~2), where A = sup {|az|/f:(0) : f € Sy} . This result has

een improved in [N] where the range of p was extended to (0, A=2). There
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was also noticed that if f = h+ g € Ky, then g,h € H? and f € hP for
0 < p < 1/2. Moreover, an example of f € Ky such that f ¢ h? forp > 1/2
was given.
In [AS] the authors showed that if f € Ky is such that f(A) is an
unbounded domain which is neither a strip nor a half-plane then f € h!.
LetQ={z2€C: |Imz| < v/4} and Sy(A,Q) = {f € Su : f(A)=9Q}.

Here we prove the following
Theorem 1. If f € Sy(A,Q) then f € h? for0 < p< 1.

Futhermore, we give an example of f € Sy(A, Q) such that f € h! and
f & hP for p > 1. For close-to-convex harmonic mappings the following
theorem was proved in [N].

Theorem A. If f=h+ g€ Cy then h,g € HP and f € h? for0 < p < ;1;

Let kg : A — C\ (oo, —¢] be the harmonic Koebe function given by the
formula

(1)
3 2
ko(z):%Re ((l+z) —1)+%ilm <1+Z) , 2€A (see [CS]).

1-2 1-2

The function ko is in h!/3 (see [N]). In this paper we prove

Theorem 2. ko & h? for p> 1/3.

2. Proof of Theorem 1. In the proof of Theorem 1 we will need the
Baernstein star-function. If u is a real valued integrable function on [—, 7]
then

u*(0) = sup [ u(t)dt, 0<6<m.
|E|=26 JE

The following properties of star-functions are well known [D2]:
(i) (u+v)"(6) < u*(8) + v°(8), 0<O<T.
Equality occurs if both » and v are symmetrically decreasing.
(i) If u(re'®), v(re*®) are subharmonic in A and u is subordinate to v
then for each r, 0 < 7 < 1, u*(re'?) < v*(re'?).
For p > 0 and f harmonic on A set

My(r, f) = :?l_rr—/u |f(re)|Pdt, 0<r<1.

The next result we need is the so called dual of the Hardy — Littlewood
inequality and is due to T. Flett (see [F1], [F2]).
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Theorem B. Let 0 < p < 2 and h be an analytic function on A. If

1
/0 (1 =7)P" " M,(r,h")dr < 00,
then h € HP.

Proof of Theorem 1. First of all notice that for f € Sy(A,Q) and
suitably chosen t > 0 and a € R the affine transformation

w = T(w) = te™*(f(0)w — f:(0)w)

maps ) onto itself univalently [GS, Example 1.] and the composition
To fol,, where A, : z — €'z belongs to

S(A,90) = {f € Su(A,Q) : f:(0) =0},

Hence we may restrict our attention to the subclass S%(A,2). W. Hen-
gartner and G. Schober proved [HS] that f € S%(A, Q) if and only if

z - . 1
(2) f(z):Re{/o }:(E)?g}-!-%arg(ltz) ;

where p is an analytic function in A such that Rep > 0 and p(0) = 1.
It is clear that Im f € h*°. Writing

5 dc
F(z]=-/o %L—é z€A

we have

(3) log |F'(z)| = log +log|p(2)|, z€A.

1 — 23

Since the function z +~ 1/(1 — 2?) maps A onto the half-plane {z € C :
Rez > 1/2} and carries 0 to 1, we conclude that it is subordinate to z +
(14 2)/(1 — z) and so is p. Hence in view of the above cited properties of
the Baernstein star-function we get, for0 < 8 <,

(log ) < (Iog
)' .

NI 14 re
(log |p(re*®)|)” < (]og T

1 + re'f
1 — ret?

1 — r2e2if

and
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It is easy to see that the function 8 + log |(1 + re*®)/(1 — re'?)| is symmet-
rically decreasing for each fixed r € (0,1). So, by (i)

:! -

) , 0<6< .

) 1 1+ re'
11— reit
Applying Lemma 5 in [D2, p. 218] with ¢ : z — eP*, p > 0, we conclude

that
/ IF’(re‘B)lpdf)g/

Moreover, by a Lemma in {D1, p. 65] there exists C, > 0 such that for
p>1/2

1+ re*
1 - retf

(log |F'(re®)])" < (2 log

2p

1+ re'® d6.

1 — rei?

2 . (v
10 P
/0 |F’(re )lpd‘ﬂs (—l:—’r)2—p_T f0r0<r< 1.

Thus 1 '
j[ (1= )P~ My(r, F')dr < Cp/ (1 =7)"Pdr < 400
0 0

for p € (1/2,1). By Theorem B, the function F isin H?,; 0 < p < 1, and
the desired result follows.

Remark. It follows from the proof of Theorem 1 that all functions from

59(A,9Q) are in h? for 0 < p < 1. This improves the result contained in
Lemma 2.2 in [CL].

3. Proof of Theorem 2. We start with the following, easily verifiable,

Lemma 1. If the functions

flz) = Zan:l:", 9(z) = anzn,
n=0 n=0

where ai, b, > 0, k = 0,1,2,... defined in the interval (—1,1) are such
that

lim f(a:):xl_i’r?_g(:z:)=+oo and lim ?:AE(0,00),

r—1= n—oo 0y

then f(2)
! x
xll.r?- g(z) S W
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Proof of Theorem 2. We can assume that p € (%, ;—) . Since Im kg € h?P,
0 < p < 1/2,it is enough to prove that

2m
(4) lim /
r—=1= Jo

Using the inequality |a + b|? > |a|P — |b]?, 0 < p < 1, we obtain

/2, Re (7Y
0 “\1—ret (14 2 — 27 cos 9)3P

2r do
— (1 — p2)3p
(5) oA j{) (1472 -2rcosf)3r’

/1 +re'9\

e \1—1"9}

df = +00.

sin®? 0do

2r
df > 12°r*(1 — rz)p]
0

r - 2p
P 2B 2P sin“? 6df
11(7') = _12hr (1 T ) A (1+T2 —21‘(‘,059)3”

_2-127r%P(1 — r2)P /" sin®? 646
. (14 r2)3 (1 = ccos@)3r

(6)

where ¢ = 2r/(1 + r?). Making the substitution t = cosf gives

[T sin’P0dd / (11—t
Jo (1= ccosf)3r (1- ct)3P

(L—yddr oy (1t~ hae
>/0 G-y 22 /0 T

Expanding the function ¢+ 1/(1—ct)?" into a power series and integrating
term by term we obtain

Tir=ar-td 1
9 o (1— ct)® p+1/2+z“"° =: Fi(e),
where
- 3p(3p+1)---(3p+n—1) e
" (p+1/2)(p+3/2)-(p+1/2+0)’ ”
Now, if

1 <]

0= (g = Bk

n=0
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then by Gauss’s formula (e.g. [Co], p. 174) we have

a' B 1

. n
A =572 = T(2p = 1/2)

and

fo e _ T2 = 1/2)T(p+1/2)

=B(2p-1/2,p+1/2).
S TG3p) (2p-1/2,p+1/2)

Hence by Lemma 1

. F] (C)
S

=B(2p-1/2,p+ 1/2).

This means that if we take any ¢ > 0 then there exists § > 0 such that
for e>1-6

(8) Fi(e) 2 (B(2p - 1/2,p +1/2) - €)Ga(c).
It follows from (6)—(8) that
(9)

2 12772P(1 — r?)P

-1/2 = =
Li(r) > 1+ i) 2P (B(2p - 1/2,p+ 1/2) — €) Gy (¢)
2P+1/2 . 19Pp2P(] 4 )P 1
= (1+1-2)P+1/2 (B(2p—l/2,p+l/2)—€)‘m
Let now

2r d6

(14 72 — 2r cos )37
21— T dé
(14722 J, (1-ccosf)3r’

I(r) = (1 - P2y j/o

where again ¢ = ii—'r;. Using the same technique as above we will estimate
I>(r). We have

4 df - dt
Jo (1=ccosB)®? = J_; 1= 22(1 — ct)??

Note that

/° dt </1 e _,
aVI=Q-c) = Jo vI—t 7’
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and

/\/l—t2(l—ct)3p /\/l—tl—ct)
—2+Zbc =: F5(c),

where
3p(3p+1)---(3p+n-1)

(1/2)(1/2+1)---(1/2+ n)’

Now we compare the behaviour of F; and the function

b, = n=1,%2,...

Ga(e) = (1_c)3p (1= c)3r-172 Z"
n=0
In this case we get
RS e
nevco n3-3/2 ~ T(3p — 1/2)
and
. by _ T(1/2)T'(3p - 1/2) B(1/2,3p— 1/2)
noeo b, T T(3p) e
Therefore Fi)
lim 2~ 1/2,3p - 1/2).
lim 249 = B(1/2,30-172)

This implies that for € > 0 there exists & > 0 such that
Fy(c) < (B(1/2,3p—1/2) + €)Ga(c) for ¢>1-6;.

It follows from the above estimates that

(10)

243
I(r) < il ol ol 4

(1 + r2)3 (24 Ga(c)(B(1/2,3p - 1/2) + €))

4.(1=712)37 2.(1+41r)% l
- (1(+r2)3)P (1(+r2)1)/2 (B(1/2:3p=1/2) +&) Ty

Now, combining inequalities (5), (9) and (10), we obtain

2T ] P
/ Re (LETe”
0 1 — ret

9r—} 197,2p 1 1 1 |
’ [W (8(p+g2-3)-9) -0+ (8(z.9-3) ”)_ |

4-(1=123% 214 71)? 1

e (T R T A e




32 A. Grigoryan and M. Nowak

Let U(p,r,c) denote the expression in the square brackets in the last in-
equality. Then

127 1 1 1 1 127
. il S ey AL el = W= 2p
rh_frll_U(p,r,e)—ﬂB(Hsz 2) 2 3(2.3;; 2) h(wﬁn )

Consider now the function
127 : /11
a(p) = —=B(p+1/2,2p—1/2) - 2*°*B(1/2,3p—1/2) for p€ (,—,— .
\6 15 2

In view of the formula

B(a,1—a) = %

- , 0<ax<l,
sin ar

we have o(1/3) = w(12!/321/2 — 22/3) =: 2a4 > 0. The continuity of o(p)
implies a(p) > ag > 0 for p € (1/3,1/3 + 74), ¥ > 0. Taking € > 0 small
enough we get

HI{I_ U(p,r,e) >0.

Note that lim —4(1 —r2)3?/(1+47%)3" =0 for p € (1/3,1/2).

r—1-

Consequently, there exists a positive constant A > 0 such that

27 ig\ 3
1+ re
/o o (l—re“’)

which completes the proof.

P

dé >

I CET e

4. Example. Let f be defined by
1 z z i 1z
f(z) = §Re(1+z+1_z)+§arg(l_z) y Z€EA.

It follows from Theorem 2.9 in [HS] that f € S%(A,Q). We claim that
f € h! and that f ¢ kP if p > 1. It is enough to show that Re f € hl.

For 0 < 7 < 1 we have
/2"' re'f gl 21_/" | cos@ — r|dé
0 1 —re' - o 1+72—2rcosé
arccos r 0 — r)do ©/2 o 0)do
=2r/ (cos2 T) +2r/ (r 2cos )
0 1+ 7r2—2rcosf arceosy 1 + 72 — 2rcos @

2/" (r — cos 8)dé
i xj2 1+ 72 —2rcosf

arceot T (cos § — r)df
< 3
_21‘/0 1+r2—2rc050+2r(2+7r)

Re
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The substitution ¢ = cos 8 gives

‘f°'c°°” (cos@ —r)df / (t—r)dt
142 (

Jo 1472 —2rcosf 1-c)1i-t
l-r

= 1+7'2 jo (l—ct)\/

where ¢ = 27/(1 4+ 7?). Proceeding as in the proof of Theorem 2 we see that
there exists a positive constant C such that

/1 dt E C
0 (l-ct)\/l—t'(l—c)l/?'
This means that

/‘"“‘"" (cos8 — r)db ” C %
5 1+7r2—2rcos® =~ /1412~

Since
re'f
1 —rett
the desired statement follows. _
Assume now that p € (1,2). For z = re® we have

P27 2w | 16

Te
Re

/ N R ]
e Jo |7 14re®]™

df =

0

z rcos (1 — r?)
fie file)= Re 1-22  1-2r2cos20+r4’

Hence

/'" | cos 8|Pd8
Jo (1 —2r%cos20+ r4)p

L cosP fdf
> 9rP(1 — 72)?
R Poulhan ") /0 (1 —2r2cos20 + r4)p

/4 cosP(26)d6
P(1 _ p2)\P ;
et /(; (1 —2r2cos26 + r4)p

ir
J[ | Re f(re'®)|Pdd = 2rP(1 — r?)?
0

In a similar way we obtain

7P

(T2 o= 0

27
/ | Re f(rei®)[Pd8 > C -
0
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