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Abstract. This paper is a continuation of our research ([GS2], [GS3]) con
cerning the regularity theorems for linearly invariant families of functions 
defined on the unit polydisk. In particular we show, that the higher di
mensional cases differ significantly from one dimensional. Moreover, we pay 
special attention to the relationship between various linearly invariant fam
ilies.

In [P] Ch. Pommerenke introduced and studied the notion of a linearly 
invariant family of functions holomorphic in the unit disk A = {z 6 C : 
M < 1}. Linearly invariant families play an important role in the theory 
of conformal mappings. Furthermore, an interest in these families grows 
because of their relationship with the Bloch class ([GSl]). In [C] and [S] 
regularity theorems were obtained for such families.

In [GSl] we defined linearly invariant families of functions analytic in the 
unit polydisk Am C Cm, m > 1.
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In this paper we continue the study of the regularity theorem for linearly 
invariant families of functions defined on the unit polydisk Am. As we will 
see (Theorem 2), the effect of higher dimensions makes problems different 
from those for m = 1, and consequently for m > 1 we obtain more complete 
results. Moreover, we show connections between subfamilies of Ula
and connections between families Ula for various m.

Let T = {z € C : \z\ = 1} and Tm be the unit torus. We will con
sider the class 7f(Am) of all functions f : ATO —► C analytic in A"1. 
For z = (zi,... , 2m) € Cm we define the norm ||z|| = maxi<j<m |2j|. Let 
O = (0, • • • ,0) G Cra. Recall that to every a G A there corresponds an 
automorphism </>a of A: </>o(2) = (a + 2)/(l + az), z G A. The same can be 
done in the polydisk Am. For a = (ai, • • • , am) G A”1 the Mobius map tf>a of 
A”1 onto A"1 is defined by the formula <^<,(2) = (</>i(2j), • • • , <t>m(zm)), where 
</>j(zj) = , j — 1, • • • , m. Now, we are ready to give the following

Definition 1. Let I = 1,... ,m be fixed. The /-linearly invariant family 
9JI/ is the class of all functions f, f G 7f(Am), such that
1) /(O) = 0, g(O) = 1, |J(2)/0, for 2 G A™,
2) for all f G Mi and 0 = (0i,... ,0m) G , f(zete)e~'e> G 9J1/, where 

ze'e = (2ie’#1,... ,zmei9m),
3) for all f G 9R; and a = (ai,... , am) G Ara

f(a,2) /(0a(*)) ~ /(0a(O))
- hl2)

in 9JI/.

The following definition extends the Pommerenke’s notion of the order 
of a function, ([P]). Let ^-(2) = 1 + Ci(/)2i + ... + cm(f)zm + o(||2||) as 
2 -» O.

Definition 2. Let / satisfy condition 1) of Definition 1. The order of the 
function / is defined as

ord f = sup - 
a£Am

^df(a,O)
dzi

j sup ||(ci(/(a,-)),... ,cm(/(a,-)))||. 
Z aeAm

The order of a linearly invariant family OT; is given by

ord = sup ord f. 
fern,

Definition 3. The universal /-linearly invariant family of order a is 
defined as

z4 = U^': ord971' -
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For m = I the above definitions coincide with the classical definitions 
from the paper [P] and in this case the linearly invariant family is denoted 
by

It is a very important and interesting problem to study the behaviour of 
functions ’’near” the torus Tm. For classes of functions analytic in the unit 
disk A there are known theorems of regularity and growth of the modulus 
of functions, as z tends to T along a radius of A. A result of this type is 
known for the class ZYa, too ([C], [S]). In [GS2] we showed that an analogue 
is true for the class Ula.
_ Write r = (rn ...,rm), (9 = E reie = (ne%..., rmeie”*),

I- = (I-,... ,1~); moreover, let M(r,p) = max||2||<r |p(z)|. In [GS2] and 
[GS3] we showed (regularity theorem) that for every f € there exists 
0 E Rm such that

(*)

lim 
r—*H-

(1-r?) =

= ć g [o, 1],

where F(z) = f*lg£(z1,...,zi-1,s,zi+1,...,zm)ds. Denote by Z4(ó) the 
family of all functions from Ula for which the last limit is equal 6.

Let us denote by C the set of analytic one-to-one maps </>(z) = (</>i(^i),...» 
from Am into A”1, such that for every fc = 1,... ,m the function

^(•Zfc) is analytic and univalent in A and |</>A;(^fc)l < 1 in A. By the def
inition of Ula its invariance with respect to maps ^>(2) follows in the case 
4>k(zk} are conformal authomorphisms of A. The problem of invariance of 
Ula with respect to </> E L is interesting for us; that is if

A ffl - /M*)) - /W°)) 
^(0)^(0)

/EwUe-Q.

one can ask about a relationship between Ula and (it is clear that 
Wq ChJ,) and about the linear invariance of Hla. Pommerenke in [P, Theo
rem 1.2] studied the above problem in the case m = 1.

Theorem 1. is an l-linearly invariant family of order [3 - max(a,2). 
Thus U'a c lĄ; il‘a = Ula for a >2.

Proof. If (f, e £ and <j>k(zk) = <ł>k (rfs^)’ « G A, fc = 1,... ,m then

(01, • • • ,0m) G £, since <t>k(zk) are analytic and univalent in A and 
l0fc(*fc)l < 1- Therefore is /-linearly invariant.
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Now, let f € ZVq’ & € C- Write g = A^>[/]. We will estimate ord g. 
Let ak = </>fc(0), wfc(w) = (w € A) and Xfc(^) = r’ k =
1,... ,m. The functions Xfc(2fc) are analytic and univalent in A, Xfc(O) = 0, 
IXfc(^)l < 1 in A. Set u; = (u>i(zi),... = (Xl(*i),--- .Xm(zra))
h = Aw[/]. Then /i eW', = wfc[Xfc(-?fc)] and g = AX[AW[/]] = Ax[h] =
A(xi(^i),... ,Xm(^m))/X/(0)- Therefore

dz,(2)~ x»(0) ’

—(o) - + —(o>)
dz2 1 J dz2 1 '+ qZi ’ J xź(o) ’

d2g
dzidzk (©) =

d2h
dzidzk

(O)x'fc(0), for k ± I.

The following inequality holds ([Pi]) | | < 4(1 — |X/(0)|)- By the defini

tion of ord h and the inequality ord h < a we obtain | (0)1 < 2«, for
all fc = 1,... ,m.

Since |x[(0)| < 1, by the Schwarz Lemma we obtain

1
2 dz2 (O) < «IX((0)| + 2(1 - |xź(O)|) < max(a,2),

d2g
dzidzk k/l.1

2 < <>,

Since the above is true for every function g £ illa and if], is /-linearly 
invariant, we have ord g < max(a,2); therefore illa C Up.

If a > 2 then ord g = a. Thus g € Ua and C Ula C Uza, which implies
uL=w'.

□

Remark 1. If we consider in Theorem 1 a family C C C (instead of £) of 
maps with 0/(z/) = e*e , a € A, 8 € R then, as follows from the proof of 
Theorem 1, X/(2l) = zl- Thus ||f^(©)| < a and ord g < a. Consequently,

if we consider U!a C Uza (connected with C instead of £) then ord U?a = a 
and illa = Ula for all a > 1.

Corollary 1. For every a > 1 the family Ula is invariant with respect to 
the class F.

Remark 2. If a < 2 then (by Theorem 1) il[, is a proper subset of U\.
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Indeed, in the case m = 1 the function £/(l — £)2 € U21 but for any 
function f € Ua, a < 2, and any function V’ regular in A such that V’(O) = 0, 
IV’(€)| < 1 in A, the function 1S different from , since (see
[P],P- 115)

i + ivwiv p + id\ 
1-1^(017 - v-id?

id
(i - id)2'-1 <

Similar considerations in the case m > 2 imply Remark 2.
In [S] the second author showed that in the case a > 2, for a positive

function e(r), arbitrarily small for r —» 1“ and every 6 € [0,1) there exists 
f € ZVQ(Ó) such that limr_i- >—i - qq, that is, the expression

2aAf(r,/)(|^)Q may tend to 6 arbitrary slowly, as r —> 1". The proof of 
this result was based on an analogous result of N.A. Shirokov ([Sh]) for the 
class S, S C Z/2- An analogous result is also true in the case m > 2 for the 
class Ula. But in this case the result is stronger. Using Corollary 1 we are 
able to reject the restriction a > 2. It is the effect of the higher dimension.

Theorem 2. For every positive arbitrarily small (as r -> 1 ) function 
£(r), r e [0,1), So e [0,1) and a > 1 there exists a function $(2) =

e ^(<50),m > 2, such that lim^x- _
00.

Proof. 1° Let <50 e (0,1) and let the function fg be given by the formula

/<>(*) 2o
1 + zke-^ \ 
1 - Zke~i6k J

Ot

ezvi(i).-1

As noted in [GS3], the function f0 (with 0 = 0) belongs to lĄ and thus the 
function

a/o
dzi (•?!,... ,Ą_i,«,Z|+l,... ,2m)ds

2a

also belongs to Ula. In [Sh] a family consisting of convex functions </> in 
A was constructed such that </>(0) = </>'(0) —1 = 0, |</>(£)| < </>(|£|) and 
1 < lim^!- <£(r) = </>(!) = a < b = limr_i- (<£(1) - </>(r))/(1 - r).
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Write
e(2p-l)/p ^(0)

w(e)- i-e(i-p)/p’ ^e)-

#(£) = pa ,[(i±Kl))2 _ !].

The function V’ is univalent in A, V’(O) = 0, |V’(€)I < 1 in A; H G S C 
Ifa. For any arbitrarily small e(r) —» 0, as r —> l-, one can choose 
([Sh]) a function (j) (defined above) such that for 1 < a < b, b being ar
bitrarily close to 1 and for every p G (|, 1] the following condition holds: 
lim,.-,!- ~6 = oo, where 6' = limr_i- M(r, /f)(l — r)2 =

limr_>i-(rj^r-y)2 = One can assume that lim^-
0. Thus

M(r,//)(l-r)2-ó'

0-01/2 -

oo = lim 
r—►!“ e(r)

4M(r,//)(|^)2 - 6' + Af(r, tf)(l - r)2(l -
= lim 

r—>1“
4M(r,tf)(|^)2 - <5'

= lim ------------ ±-------------- h lim Af(r, 7/)(l — r)
r—>i- •-

£(r)

£(r)
2(r - 1)(3 + r) 

£(r)(l + r)2
(1)

r 4M(r,ff)(j^)2-0' 
= lim ------------ -A----------

r—1- e(r)

= lim 
r—*1 —

pa

l<ł ff 1+^(r) l-r\2 _ Z 1-r \2i _ 2p-l a3 
— 1 It 1—^>(r) 1+r ' '1+r' J p IF

lim X2(r)-C2
e(r)

2p - 1 /AT- £(r)

where x(r) = iT?, C = f(2 - p)- Corollary 1 the function
$(z) = F(V’(^i),... ,^zi-i),zh^zw),... ,tl>(zm)) belongs to Z/£(0), for 
some 6 G [0,1]. Now from the construction of F and from the equality (*) 
(see [GS3]) it follows that

Ó = lim M(r, $)2a(
r—►!“

= limr—►!
. / l_r O /a 2p- 1\
tr-Vl-V’(r)/ U P )lim 

r—>1

r—►!“

2p

(2)
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Choose a function </> and a number p € (7,1] such that 00“(m ° < y < 1, 
and (|2£-i_^a(TO-i) _ Then 4> 6 £/^(<$o). Observe that with the above
notation

or(m-l) _ (ja(m-l)
lim  -------- 5--------------  > 0.
x^c x2 ~ C2

(3)

By (1) and the fact that lim^x- Ę7J = 0 we get 

M(r,4>)2a(|^)“m-6o
lim
r-i- £(r)

= lim -------------------------- —-------------------------
r-l- £(r)

= lim 
r—>1”

o(m-l) _ r'a(m-l) v2(r} - C2 
= lim --------- X------—---------- lim -------- —------  = 00.

£(r)

X~*C X2 - C2 r-*l~

This gives the result in the case € (0,1).

£(r)

2° Let 6q = 0. In [Sh] it was shown that one can choose a convex function 
<t> in A such that

(4)
</>(o) = o, </»'(o) = i, mi<^(iei),

</>(!) = a < 00, 6(r) = — -> 00

as r —> 1 , and for p = 1 (that is u>(£) = £) holds

lim 
r—>1“

00.

2 .
Here we have taken (£(r))“<m"1) as an arbitrarily small term. From (3) 
it follows that limr_»!- Af(r, 7f)(l - r)2 = 0. For the function </> the above 
defined function 4> belongs toUla by Corollary 1. From (2) and (4) it follows 
that <J> ę ZV^(O) an(l (see (3))

lim r—►!“ £(r)
lim 

r—*1“

lim [ 
r—►I”

£(r)
X2(r)

(£(r))2/a(m-l)
q(m — 1)
“2 = 00,

Al(r,H)(l - r)2 

(£(r))2/(a(m-l))



22 J. Godula and V.V. Starkov

since
__ A/(r,//)(1 — r)2 X2(r)
°° r (£(r))2/(a(m-l)) ° (e(r))2/(o(m-l)) ’

□

The next theorem allows us to connect families of functions analytic
in A"1 with families of functions analytic in An, n < m.

Theorem 3. Let f(zi,... ,zm) 6 Ula(f>o) and m> I. Let us fix a variable 
zm = am € A for the function f. Then the function

$(21,... , ) — /(O, • • • ,0iam) 
,0,am)

belongs to the family L/a(fi) °f functions analytic in A”1-1. Moreover, if 
00 > 0 then ord 0 = a and 6 > 0, and if am = 0 then 6 > Sq. Furthermore, 
the set {$(21,... , zm-i) : f E coincides with the family Ula of analytic 
functions in A"1-1.

Proof. Denote 2* = (21,... Since $(O) = 0, fJ(<0>) = 1, fj(2*) /
0 in A”1-1, $(2*) belongs to the family of functions analytic in A"1-1, 
if ord<t> < a. By Theorem 1.1 of [GS1] we have

ord / = max sup
\<k<m zę.^ m

dz,9zk (z) 1 ~ |*fe[2
2

< a- Wk

and then

Łfa) 1 -• k/l21
£(**)

a2* t, \ 9z!dzt 1
a*/', t

■ zi sup
zeAm

N2 _ 
— ~Zl

■ l^|2

< <

Thus ord $ < a and $(2*) belongs to the family of functions analytic 
in Am_1 with some 6 G [0,1]. On the other hand , if $(2*) belongs to the 
family of functions analytic in Am_1 then it belongs to the family Ula 
of functions analytic in Am. In this way we get the last statement of our 
Theorem.
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If £o > 0 then by the regularity theorem (see [GS2]) there exists a direc
tion of the maximal growth 0 = (0i,... , 0m) of f such that

lim 
r—I-

= 6o,

where the expression in the brackets decreases with respect to every variable 
rfc € [0)1). Consequently

lim 
r—I- > ^0 •

Thus (if am = 0)

lim 
r—H- > ^0

and $ e ^i(^) (in Am_1), b > <5o- If 7^ 0, consider the function 

- _ /(21,• • • , 2m—1, i + a+~ /(O’ • • • ,Q)am)
f£(0, ••• ,0,am)

By Lemma 2 of [GS2] / € ZV'(0°), <5° > 0. Then

f(zl 1 • ■ ■ ) ~m-l) am ) ~ /(0) • • • ) 0, dm) .
$(z*) — f(zi )•••■> zm—1) 0) — g£(0,... ,0,0m)

and by the above reasoning $(z*) belongs to the family of functions
analytic in A”1-1, with 6 > 6° > 0. □

Remark 3. In Theorem 3 one can fix any other variable z&, k / I. In the 
case k < I the function $(2*) belongs to Z7^_1 (in Am_1), since in z* the 
variable z/ stays on I — 1 position.

Corollary 2. Let f E Ua(f’o') (,n For f ^et variables zkl,... ,zkn,
1 < n < m - 1 be free and let the rest variables be fixed. Moreover 
let zi be one of the free variables, I = kj. Then the normalized function 
<t>(z*) = 4>(zfcj,... ,zk„) belongs to the family analytic function in
An, where for 60 > 0, ord4> = ft and f > 0, and if the fixed variables are 
zeros then 6 > So. Moreover {$ : f 6 Ula (in Am)} is identical with Wa 
(in A").
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For n = 1 (fci = /), 2* = zi, by Corollary 2 we obtain that with fixed 
all variables except for zi the family of corresponding normalized functions 
$(2/) coincides with Ua of functions analytic in A. It seems to us that if we 
fix a variable Zk, k / I then the problems are not interesting. For example 
it follows from Theorem 1.1 of [GSl] that

*(0 =
Jo 9zf(S’ °2> • • • , °m)

for f E Ula, I 7Z 1 and fixed Z2,... ,zm. The example of the function 
fo E Ula for a2 = ... = am = 0 shows that ord$ = a + 1. Thus after the 
above operation the order of a function can be greater than before.
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