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for GA-convex functions

ABSTRACT. Some new inequalities of Hermite-Hadamard type for GA-convex
functions defined on positive intervals are given. Refinements and weighted
version of known inequalities are provided. Some applications for special
means are also obtained.

1. Introduction. Let J C (0,00) be an interval; a real-valued function
f:J — Ris said to be GA-convez (concave) on J (see for instance [2]), if

(L1) F(@ ) <) A =N @)+ W)

for all ,y € J and A € [0, 1].

Since the condition (1.1) can be written as
foexp((1=A)Inz+ Alny)

<(2)(1=A) foexp(lnz) + Af oexp (lny),

then we observe that f : J — R is GA-convex (concave) on J if and only
if f o exp is convex (concave) on InJ := {lnz,z € J}. If J = [a,b], then
InJ = [Ina,lnb.

It is known that the function f () = In (1 + z) is GA-convex on (0, c0) [2].

(1.2)
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For real and positive values of x, the Euler gamma function I'" and its
logarithmic derivative 1, the so-called digamma function, are defined by

Y R g _ (=)
F(x).—/o dt and (1) 2= 1.
It has been shown in [28] that the function f : (0,00) — R defined by
1
F@) =)+ o
is GA-concave on (0, 00) while the function ¢ : (0,00) — R defined by
1,1
2r 1222

is GA-convex on (0, 00).

Example 1. If [a,b] C (0,00) and the function g : [Ina,lnb] — R is convex
(concave) on [Ina,Inbd], then the function f : [a,b] — R, f(t) = g(Int) is
GA-convex (concave) on [a, b].

We recall that the classical Hermite-Hadamard inequality states that

a b a
(1.3) f<;w)gbim/f@ﬁ§f(%;ﬂw

for any convex function f : [a,b] — R.
For related results, see [1]-[6], [8]-[11], [12]-[18] and [20]-[27].
The identric mean I (a,b) is defined by

o2 (2)

while the logarithmic mean is defined by
b—a
Lt = e

where 0 < a < b.
In [28] the authors obtained the following Hermite-Hadamard type in-
equality.

Theorem 1. Ifb > a >0 and f : [a,b] — R is a differentiable GA-convex
(concave) function on |a,b], then

f(I(a,b)) < ft
(1.4) b‘“/ .
<(>) ﬁf(b) + b’—iaf (a).
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The differentiability of the function is not necessary in Theorem 1 for the
first inequality (1.4) to hold, as shown in [10].

If we take A =  in the definition (1.1) of GA-convex (concave) function
on [a,b], then we have

(15) f (Vab) < () OO

The following refinement of (1.5), which is an inequality of Hermite—
Hadamard type, holds (see [25] for an extension for GA h-convex functions):

Theorem 2. Let f : [a,b] C (0,00) — R be a GA-convex (concave) function
on [a,b]. Then we have

b a
(1.6) f <\/E) <(2) lnbilna/ fit)dt < (z)f()‘;f(b)_

Motivated by the above results we provide in the following a refinement
of (1.6) for a division of the interval [a,b]. We also establish a weighted
version that generalizes the inequalities (1.4) and (1.6) and provides upper
and lower bounds for the moments

1 b
4 tPf (t)dt, for p € R with p #0,—1
—a,

of the GA-convex (concave) function on [a, b].
2. Some refinements. In 1994, [5] (see also [17, p. 22]) we proved the

following refinement of Hermite-Hadamard inequality. For the sake of com-
pleteness we give here a direct proof that is different from the one in [5].

Lemma 1. Let g : [¢,d] — R be a convex function on [c,d]. Then for any
division ¢ = xg < 1 < +++ < Tp_1 < Tp = d with n > 1 we have the

inequalities
-1
c+d 1 3 Ti+1 + T
9( 5 ) <5 > ($i+1—$i)g(2

1=0
1 d
< x)dx
(2.1) “d—c Clg( )
=4 i ¢ (wip1 — ;) 2 (z:) +2‘q (@ir1)
= % g (c) + g (d)]
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Proof. Using the Hermite-Hadamard inequality on the interval [z;, x;y1],
i€{0,...,n— 1}, we have

. . Tit1
(Tiv1 — i) g (W> < / g(x)dz

2
g (z:) +g(wiy1)
2

i

(2.2)

< (Tip1 — )
for any i € {0,...,n —1}.
Summing in (2.2) over ¢ € {0,...,n — 1} and dividing by d — ¢, we get
the second and the third inequalities in (2.1).
Since for p; := TH=" > 0 we have Y1~ o pi = 1, then by Jensen’s
inequality we have

R Tiv1 + el Tiv1 +
i+1 i it+1 i
S () 2 2 R

=0 1=

:g<di6iz§($?+12$?>>
(75 -0 (59).

which proves the first inequality in (2.1).
For a convex function g : [¢,d] — R we have

g(a;):g((d—a:)ccl—}_—(cx—c)d> < (d—:c)g(cc)itiar—c)g(d)

for any z € [c, d].
This implies that

9(r) < T [(d— 1) g () + (x1 — c) g ()
and
9(rin) < T [(d~2101) 9(0) + (201 — ) g ()
for any i € {0,...,n —1}.
Therefore,
n—1
> (w501 — 25) (i) +29 (it1)

n—1
Z Tit1 — - xi)g(c)
z:O

+ (i — ¢)g(d) + (d — zi1)g(c) + (wiy1 — ¢)g(d)]
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= dic [(d(d—c) — — (d? —62)> g(c) + ( (d* — c*) —c(d—c))g(d)}
_ g9(c)+g(d)
= (@~ 29399,
and the last part of (2.1) is proved. O

Theorem 3. Let f : [a,b] C (0,00) = R be a GA-convex function on [a,b].
Then for any division a =ty <t; < -+ <tp_1 <t, =b withn > 1 we have
the inequalities

n—1
f <\/%) < mZ(lntiH —Int;) f <\/ titi+1)
=0
1 b f(s)
(2.3) Shw—mal g
1 n—1

Z (111 ti+1 —1In tz‘)

1=

<51 @+ 7).

“Inb—1Ina

f (i) + f (tis1)
2

Proof. If f : [a,b] C (0,00) — R is a GA-convex function on [a,b], then
f oexp is convex on [lna,Inb]. Let ¢ = Ina, d = Inb and the division
xz; =1Int;, i € {0,...,n — 1} of the interval [c, d].

If we write the inequality (2.1) for g = f o exp on the interval [c, d] and
for the division

Ina=Inty <Int; <---<Int,_1 <lInt, =Inb,

we have
Ina+Inb
(oem) (M)
n—1
1 1nt7j+1 + In t;
< - o ) A
< lnb—lnag(lntlﬂ lntl)(foexp)< 5 >
(2 4) 1 Inbd
4) <=
“ Inb—Ina /lna (f o exp) () da
n—1
1 (foexp)(Int;) + (f oexp) (Intit1)
< - o )
“ Inb—Ina ; (Intivr —Int;) 2

IN

% [(f oexp)(Ina) + (f oexp) (Ind)],
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that is equivalent to

n—1
< - L ) [t -+
! (\/%) “Inb—1Ina ZZ_; (Intisy —Int;) f ( tztﬂ_l)
1 Inb
< — foexp)(x)dx
(2.5) lnb—lna/lna ( ) ()
n—1
1 f () + f (tig1)
Intii—Int
_lmb—lna;(ntﬂ'1 nti) 2
1
<@+ ).
By using the change of variable exp (z) = ¢, we have x = Int, do = 7 and
Inbd
/ (f oexp) / G dt
Ina
and by (2.5) we get the desired result (2.3). O

Corollary 1. Let f : [a,b] C (0,00) = R be a GA-convex function on |a,b].
If a <t <0, then we have

f(%%)gigglmz[mMAJn@f(¢&)+anbfmwf(¢%ﬂ
f(s
(2.6) = lnb—lna/
< ! [f )+ lnt—lna) flflab)j—l(ir;b—lnt)f(b)}
< f @+ 7).

Remark 1. Let f : [a,b] C (0,00) — R be a GA-convex function on [a, b].
For a division 0 = Mg < A\ < -+ < A\p—1 < A, = 1 with n > 1 of the interval
[0, 1], consider the division

b\
(2.7) tp:a(> =a' 7NN e {0,...,n—1}

a

of the interval [a, b].
Observe that

Ait1 Ai
Int;11 —Int; =1n [a (b> ] —In [a <b> ]
a a
=Ina+ A\jr1ln <b> —Ina—X\;In <b>
a a

= (lnb —In a) ()\2'4_1 - )\1)
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and

AitAip1  AitFAiga
2 b 2

m = Val-Niprigl=Ait1pritt = gl—
for any i € {0,...,n —1}.
If we write the inequality (2.3) for the division (2.7) we get

1
- 17M‘+>\¢+1 AitAita
( ) < E H—l a 2 b— 2

=0

oy / &

— 1— /\lb)\ 17)\1‘+1b)\¢+1
S (>\i+1 - Ai) flo )+ g (@ )
=0

<5l @+ 1),

for any division 0 = Mg < A1 < -+ < A1 < Ay = 1 with n > 1 of the
interval [0, 1].
If we write the inequality (2.8) for 0 < A < 1, then we get

f (@) <(A-=-Nf <a zAbm) + Af (a%b%)

f(t
(2.9) = lnb lna/

P

i@t )
- 2
The inequality (2.9) was obtained in [10].

\ A

| A

In the following section we establish some weighted Hermite-Hadamard
type inequalities for GA-convex functions.

3. Weighted inequalities. We have the following weighted inequality:

Theorem 4. Let f : [a,b] C (0,00) = R be a GA-convex function on [a, D]
and w : [a,b] — [0,00) an integrable function on [a,b] with fabw (t)dt > 0,

then
(e [Pw (t) In tdt g JPw () £ (t)dt
X B T — Ja 7Y N7
oy VN w0 ) fua
< <1Hb— W) f(a)+ <W —lna> £ (b)

- Inb—1Ina
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Proof. Observe that for ¢ € [a,b] we have

(Inb—Int)lna+ (Int —Ina)lnb

Int —
nt Inb—Ina

By the convexity of f o exp we have
f(t) = (f oexp) (Int)
_ (foexp) ((lnb —Int)lna+ (Int —Ina) lnb)

(3.2) Inb—1Ina
Inb—1Int Int—1Ina
“Inb-— lnaf(a) + lnb—lnaf(b)

for any t € [a, b].

If we multiply (3.2) by w (t) > 0, ¢t € [a,b] and integrate over t on [a, b,

then we get

/abf(t)w 1 dt

- b [P w(t)dt — [Pw () Intdt

fabw(t) lntdt—lnafabw

f(a)+

and the second inequality in (3.1) is proved.
By Jensen’s inequality we have

Jow (@) f @) dt [ w(®) (f oexp) (nt)d
S w (1) dt S w (1) dt

and the first part of (3.1) is proved.

- Inb—Ina Inb—Ina

> (foexp)< 0

Corollary 2 (see Theorem 2). Let f : [a,b] C (0,00) — R be a GA-convex

function on [a,b], then

b a
(3.3) f(\/@ < lnbilna/ fi(ft)dtgf();f(b)'

Proof. If we take w (t) = 1 in (3.1), then we have

bnt 0
f (exp (f“bi dt)) < 7f“bi dt
Jo 1dt Jo zdt

(34) blnt blnt
3 <1nb — ffbldj> f(a) + <f}: %dctlt — lna) 1)

- Inb—1Ina

Since
b1 1 b1
itdt 5 | lnb)2—(lna)2}, / Sdt =mnb—Ina,

d
t) tf

JPaw (t) ntdt
w (t) dt

)

g
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then we get from (3.4)

b I gy
f<exp<lnb+lna>>< 5

2 “ Inb—Ina
_ (lnb _ lnb—glna) f(a) + (lnb—glna _ lna) f(b)
- Inb—1Ina
and the inequality (3.3) is proved. O

Define the p-logarithmic mean as

1 pptl _ gptl 1/p
p+1 b—a > P

L,(a,b) = (
for 0 < a < b.

Corollary 3. Let f : [a,b] C (0,00) = R be a GA-convex function on |a,b],
then for any p € R with p # 0, —1 we have

Lb(a,b) f ([I (a7, 1)) p%>

b
(3.5) < bia/ trf (t) dt
- (L (ap+17bp+1) _ ap+1) f(a) + (bp+1 — I (apH,bPH)) f(b)
B (p+1)(b—a) '
If p =0, then we have

f (I (a,b)) </f t)dt
_(L(ab) —a)f (a) + (b~ L(a,b)) £ (B).
- b—a

Proof. If we take w (t) = tP, with p # 0,—1 in (3.1), then we have

e [P ntdt
P\ [Pwar
- [P (t) dt
T [Pwat

<lnb _ faft:tlpndidt> fla)+ (faftbp;ndidt N a> 0

Inb—1Ina

(3.6)

(3.7)

IN

We have

b
/ Pt = (P! — aPth)
a p+1
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and

b 1 b
/ PIntdt = —— / In tdtPT1
a p+1J,

1 b
- [#’“ nt|’ —/ tpdt]
p a

1 1
= — (prrl Inb—a”ing — —— (b”Jrl — a,p“) .
p+1 p+1
Then
bp L (pptlinp — qPtling — —L (ppt1 — gpt!
[JtPIntdt  pra i
a J—
oo T
1 p+1 pp+l P+ pp+1] 551
= +11n[(a P )zln[[(a N )]P ,
p
b
tP In tdt
np_ Ja b ntdt

[P wat

lnb 1 ppin pptl — gp+lp P+l )
I | bl _ gpil B

_ L, o —InaPtt L\ 1 ) aPtt

T+l gt — gt @ Tp+1 U L(artL et
1 L (ap+17 bp+1) _ gbt1

T p+1 L(aptl betl)

and, similarly,

[P Intdt 1 bt — L (Pt oY)

na =
Sl twat p+1  L(art!,ovt)

From (3.7) we then have

£ (e (1 1 (@71,571)) 7))
g L [P (t) dt
L [Prdt

a
L(aPt! pptl)_grtl prtl_[(grtl ppt1
(it ) £ @ + (7 Sy 2 ) £®

Inb—1Ina

)
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i.e.

f ([I (ap+1’bp+1)]p%>

b
r=a Ja 171 (£) dt
~ Li(aD)
L(aPt1 ppt1)_gr+1 bpl_[(qrtl pptl
(et ) £ @ + (7 S 2 ) £ @
<
- Inb—1Ina
L(ap+l7bp+1),ap+l bp+1,L(ap+17bp+1)

L(aPT1 ppF1) f(a) + L(apt1 pp+1)
In P+l — Inapt!

By multiplying this inequality with L (a,b), we get
1
L5 (a.b) f ([1 (a2, 071)] 77

1 b
< b_a/a 1P f (t) dt

L(ap+1’bp+1),ap+1

bp+1,L(ap+l7bp+1)

< pptl — gptl T{aPTT,pp 1) f(a)+ T{aPTT,pp T
“(p+1)(b—a) Inpp+1 — In aPt!
(L (ap+1’bp+1) _ ap+1) f(a)+ (bp—i-l — L (ap+l’bp+l)) f(b)
B (p+1)(b—a) '
If we perform the calculations in the above inequalities for p = 0, we get
the desired inequality (3.6). We omit the details. O

Remark 2. If we take p =1 in (3.5), then we get

f( T (a2, %) </tf

_ (A@,b) L(a,b) —a?) f (a) + (b* = A(a,b) L (a,b)) f ()

- 2(b—a) '

4. Applications. Let ¢ # 0 and consider the convex function g (t) =
exp(qt), t € R. Then the function f; : (0,00) = R, f,(t) = g(Int) =
exp (qlnt) = t9 is a GA-convex function on (0,00). We observe that for
0 < a < b we have

(3.8)

+1_,q+1
1 b q_}_l 8 _aq ) Q# -1
5 /tthz
—a
a lnll; }lna q:—l

Lq(a,b), q# -1

-1 (avb)v q= _17
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where Ly (a,b) (¢ # —1) is the g-Logarithmic mean and L is the logarithmic
mean defined in the introduction.

If we write the inequality (2.8) for the GA-convex function on (0, c0),
fq:(0,00) = R, fq(t) =19, ¢ #0, then we get the following result:

Proposition 1. For any division 0 = Xy < A1 < -+ < Ap—1 < A, = 1 with
n > 1 of the interval [0, 1],

n—1
G?(a,b) < Z (Nig1 — ) G (a2_/\i_)‘i+1vb)‘i+)‘i“>
1=0

(a,b) LI~} (a,b)

—1 )\ . )\ )
G4 2(1 )\Z)7 b2)" +Ga 2(1 )\1+1)’ b2)\2+1
> i = ) (a ) 5 (@ )

=0
A(af,07) .

(VAN
t~

3

IN

IN

If we write the inequality (3.5) for the GA-convex function on (0, 00),
fq:(0,00) = R, f,(t) =19, ¢ # 0, then:

Proposition 2. If0<a <bandp, g€ R withp #0,—1, ¢ # 0, then

Ly (a,0) [1 (@4
(4.2) < Lpig (a,0)
( (ap+1’ bp+1) _ ap+1) ad + (bp+1 L (CLIH-I7 bp+1)) b
(p+1)(b—-a) '

From (3.6) and (3.8) we get:

Proposition 3. If 0 < a < b and g € R with ¢ # 0, then
(L(a,b) —a)a?+ (b— L(a,b))d?

(43)  I9(a,b) < Li(a,b) <

b—a ’
and
192 (a?,0%) < Ly (a,0)
(4.4) _ (A(a,b) L(a,b) —a®) a’ + (b* — A(a,b) L (a,b)) V"
- 2(b—a) '
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