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ABSTRACT

Different forms of the Korteweg — de Vries equation and their invariants are presented.
Different formulas for the energy of the system described by KdV equation are compared to
each other for fixed and moving coordinate systems. It is shown that the energy conservation
holds only in moving coordinate systems.

1. INTRODUCTION

The Korteweg — de Vries equation (KdV equation for short) is a mathematical
model of waves on shallow water surfaces. It was first discovered by Boussinesq in
1877 [1] and then rediscovered by Korteweg and de Vries [2]. Later it was shown
that KdV equation appears to be a common approximation for several problems in
nonlinear physics in weakly nonlinear, dispersive and long wave limit. It is
particularly notable as the prototypical example of an exactly solvable model, that is,
a nonlinear partial differential equation whose solutions can be exactly and precisely
specified.

In this paper we compare the different forms KdV equations dicussed in the
literature and forms of invariants (conservation laws) for those equations. We point
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out also that energy formula not necessarily gives energy conservation for some of
those forms.

The idea to do a systematic classification of energy formulas for different forms
of KV equation appeared when we encountered problems with formulation of the
energy for the second order KdV equations (sometimes called ’extended’ KdV
equations) in our recent papers [3, 4].

2. DIFFERENT FORMS OF KDV EQUATION

The geometry of the considered shallow water waves is presented in Fig. 1.

In the shallow water wave problem the fluid is assumed to be inviscid and
incompressible and its motion to be irrotational. Therefore a velocity potential ¢ is
introduced, which satisfies the Laplace equation inside the fluid and appropriate
boundary conditions at the surface and bottom.

It is convenient to study the problem in nondimensional variables. The
nondimensional variables are defined as follows

i=nfa, ¢ =o/(zVeh). E=w/l, §=y/h T=t/1/V/gh), ()

where a is the wave amplitude, A is the depth of the fluid and [ is the average
wavelength, see Fig. 1.

In the nondimensional variables the set of hydrodynamic equations for 2-
dimensional flow takes the following form [3—8] (henceforth all tildes have been
omitted)

‘ I
N+ APalle — Sy = 0, for y=1+an (3)
1, 1@/2 o f ye1
¢ + Ecwm + Eﬁoy +n = 0, for y=1+an 4)
¢, = 0, for y=0. (%)

Equation (2) is the Laplace equation valid for the whole volume of the fluid.
Equations (3) and (4) are so-called kinematic and dynamic boundary conditions at
the surface, respectively. Equation (5) represents boundary condition at the bottom.
For abbreviation all subscripts denote the partial derivatives with respect to
particular variables, i.e. ¢ = %, ¢, = % and so on.
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Figure 1: Schematic view of the geometry and definitions of small parameters.

Small parameters «, [ are defined by ratios of the wave amplitude a, the
average water depth & and mean wavelength [

a ) n\?
ﬁ: /3— (7) -

KdV equation is obtained from the set (2)-(5) by expansion of the velocity
potential in power series with respect to small parameters and neglect of higher
order terms. In this way the KdV equation in scaled coordinates in a fixed coordinate
system is obtained in the following form

o =

3 1
M+ T XS+ 5 §laaw = 0. (6)

Transformation to a moving frame in the form
allows to remove the term 7z in the KdV equation in a moving frame

3 1
n+ o 577‘775 + 5 gﬁfii =0. (8)

Problems with mass, momentum and energy conservation in KdV equation were
discussed recently in [9]. In the paper the authors considered the KdV equations in
the original dimensional variables. Then the KdV equations are

h2

Je -h .
A+ ene + 5;—7’/'% + %mu = 0, in afixed reference frame 9)
13 )
3¢ ch? i .
e+ 51—11111 + ?7/:6m = 0, in amoving reference frame. (10)
)

In both, ¢ = +/gk, and (10) is obtained from (9) by setting 2’ = = — ¢t and dropping
the prime sign.
Another widely used form of KdV equation is

5]
Ui + 6wty + “ggs = 0, or u; + 6uuz + uzzs =0 for B = . (11)
(e}

Equations (11), particularly that with 3 = a are favored by mathematicians, see,
e.g. [10]. That form of KdV equations is the most convenient for ISM (Inverse
Scattering Method) which allows to construct multisoliton solutions, see, e.g. [11-13].
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It is worth to note that the equation (11) may be obtained by transformation of
(6) to a moving frame with additional scaling, different for space and time variables

T = \/g(mff), f:%\/gat, u=n. (12)

Therefore we can classify equations (6), (8) and (11) as the KdV equations in
scaled nondimensional variables and (9), (10) as KdV equations in dimensional
variables. Equations (6) and (9) are referred to as KdV equations in a fixed frame
and (8), (10) and (11) as KdV equations in moving frame.

In our present paper we discuss the energy formula obtained for KdV equations
both in a fixed frame (6), (9) and a moving frame of reference (8), (10), (11). There
seem to be some contradictions in the literature because the form of some invariants
and the energy formula differ from each other in different sources because of using
different reference frames and/or different scalings. In this paper we aim to show
that those different forms are equivalent if one properly ’translates’ one form into
another.

3. INVARIANTS

In this section we check what kind of invariants can be attributed to equations
(6)-(8) and (9)-(10)?

Let 7" (an analog to density) and X (an analog to flux) are functions which may
depend on x,t, 7, 7,, Nee, . - . , DUt not on 5. If the equation of the form

T 0X _
ot or
holds under some additional conditions then it corresponds to a certain conservation
law, see, e.g. [14, Ch.5]. Equation (13) is analogous to continuity equation
0 4 9(ov) _
% 1 A —

ot ox
Let functions 71" and X, be integrable with respect to x on (—o0,00) and
lim X =const (holds for soliton solutions). Then integration of equation (13) yields

d o o0
T (/_dex) =0 or /_dex = const. , (14)

0 (13)

because

/30 Xydr = X(o0,t) — X(—o0,t) =0 (15)

that is conservation law of the quantity [*° 7 dx = const.

The same conclusion holds for periodic solutions (cnoidal waves), when in the
integrals (14), (15) limits of integration (—oo,cc) are replaced by (a,b), where
b — a = A is the space period of the cnoidal wave (the wave length).
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3.1. INVARIANTS OF KDV EQUATION

As it was shown already in [15, 16], for the KdV equation (6) two first invariants
can be obtained easily. Writing (6) in the form

on 9 ( 3 5 1. B
EJFQ_I (17+Ea77 +Em]m) =0, (16)

one obtains immediately the conservarion of mass (volume) law

T = /30 1 dx = const. (17)

Similarly, multiplication of (6) by 7 gives

O (1N 0 (1, 1 4 1 _, 1 .
at <277)+an (2” e = 5+ G | =0, (18)

resulting in the invariant of the form

1® = / n? dx = const. (19)

In the literature of the subject, see, e.g. [9, 14], /@ is attributed to momentum
conservation.

Invariants 7, 1® have the same form for all KdV equations (6)-(11).

Let us denote the left hand side of (6) by KDV (x,¢) and take

3n® x KDV(z,t) — fﬁm x iKDV(:r,f,). (20)
3a ox

The result, after some simplifications is

o (4 18, a9 (9 4, 1, s .o s 187, 132 18,
5% (77 — gar)z +£ gu"r/ +§,3’r],r,r’r] —Bnan+ +EE"II_5EU-T”$$1_§E"1 =0. (21)

Then the next invariant for KAV equation in fixed reference frame (6) is

‘ > 13
I rame = / <773 - §é’lf) dx = const. (22)

The same invariant is obtained for the KdV equation in the moving frame (8).
The same construction like (20) but for equation (8) results in

0 3 13, 2 (9 4 1, 2 2.2 3 1/32 2 1,82
5 (n — 550 ) T (RO H 5Nt = B+ + 1o e — G Malaaw | = 0. (23)

Then the next invariant for KdV equation in moving reference frame (6) is

® Y 18, dx = const
moving frame — Ui 3o N T = . (24)
—o0

However, due to different scalings, this invariant looks different for
mathematical form of KdV equation in a moving frame (11), that is,
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: </, 1.
]r%lgth = /70@ <773 - ?ﬁ) dx = const. (25)

The procedure similar to those described above leads to the same invariants for
both equations (9) and (10) where KdV equations are written in dimensional
variables. To see this, it is enough to take 3n* x kdv(x,t) — 2h*Zkdv(x,t) =0,
where kdv(z,t) is either (9) or (10). For equation (9) the conservation law is

o /(4 B, 0 5 9¢ 1 5. g 9. 1 4. 1 , 1
o (P o (o ot 4 St O~ S ) =0, (26)

whereas for equation (10) the flux term is different

o (4 KL\ 09 (9 y o 1 1 ., 1
e (n“ - gnf) + 5 (ﬁn“ = PP+ SR 0 e + 5ok, — §Gh"nmm) =0. 27)

But in both cases the same [ 3invariant is obtained as

@
Limen

"0 - w3
sional — /ﬂo (773 - %W;) dx = const. (28)

Conclusion. Invariants /(® have the same form for fixed and moving frames of
reference when the transformation from fixed to moving frame scales x and ¢ in the
same way (e.g. «/ =z — ¢ and ¢ = ). When scaling factors are different, like in (12),
then the form of the 7¢® in a moving frame differs from the form in a fixed frame.

4. ENERGY

The invariant 7/® is usually refered to as the energy invariant. What is the
connection of this invariant with the total energy of the system?

4.1. ENERGY IN THE FIXED COORDINATE SYSTEM CALCULATED
FROM THE DEFINITION

Let us construct the total energy of the fluid from the definition.

The total energy is the sum of the potential and the kinetic energy. In our two-
dimensional system the energy in original (dimensional coordinates) is

+oa h+n +oo h+n p?,"z
E=E,+E;= / (/ PGy dy) dx +/ (/ 7(13/) dw. (29)
o \Jo —0 \Jo

After transformation to scaled nondimensional coordinates (1)

rtoo  pltan
E, = /)glzzl/ / pijdijdi, (30)
-0 JO

and
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+oo  pltaif
2pqh21/ / (a Iz + —d) ) dg dz. (31)

Let us note, that the factor in front of integrals has the energy dimension.
In the following, we omit signs ~, having in mind that we are working in
dimensionless variables. Integration in (30) with respect to y yields

1 .. < 1 . * o, o0
E, = §gh2lp/ (*n® +2an+ 1) dx = §ghzlp {/ (®n® + 2am) dx + / dm] - (32)

—0o0

After renormalization (substraction of constant term [~ dx) one gets

1 Bl
E,= Sghzlp/ (027]2 + 20477) dx. (33)
= —oc

In kinetic energy we use velocity potential expressed in the lowest (first) order in
small parameters, that is

= fr - éﬁygfrc;m oraz (%6y = _Byfut (34)

Then the bracket in the integral (31) is, in the leading orders

(“‘2%2 + %Zwvg) = a® (f2 4 BY*(— fofowa + 1)) - (35)

Integration with respect to vertical coordinate gives, up to the same order,

Lo [T o 1
Elc = —pth/ (¢} (fm(l‘.‘a’"])‘k,[j( fzfzxw+frr) (l—l—an))dx

“+oc
= —pqhzl/ (fz+af2/]+; (f frfmmr)) (36)

In order to express energy through the elevation function 7 we use the relation
fr=mn— 107”4+ 581, which is obtained together with KdV equation from the set
(2)-(5). Then we substitute f.,=7n in terms of the third order and
fe=n- %06713 + %5”/7/” in terms of the second order

L 2 B 21 5 2.
E, = Bpgh, l « nt—gan + §/37;1]w5,/. + an® + /3( 777],1) dz
2 oo 2 :

_ 1 2l o2 oo 2 1 3 dx +0013 2 ; Ao
= pglila . n° + Zo ) dz + g,t (T}m —+ 7]//“) du| . (37)

J —oo

The last term vanishes because from properties of solutions in infinity (15) and
integration by parts one obtains

1 +oo 1 oo +00
15 / (8 +mas) e = 55 ( / nda + el / nm> 0. (38)

Therefore the total energy in the fixed frame is given by
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1 - o 1
Fiot = By + E = Epghzl/ 2 ((,w] + (an)? + Z((w)3> dux. (39)

The energy (39) in the fixed frame of reference does not contain the /¢
invariant.

The result (39) gives the energy in powers of 77 only. The same structure of
powers in 1] was obtained by the authors of [9], who work in dimensional KdV
equations (9) and (10). On page 122 they present a nondimensional energy density
F in a frame moving with the velocity {J. Then, if U/ = () is set, the energy density
in the fixed frame is proportional to an + o’n* as the formula is obtained up to the
second order in a. However, the third order term is 1o’7% so the formula up to the

third order in o becomes

1
E ~an+a*n* + Za3773. (40)

This energy density contains the same terms as (39) and does not contain the
term »2.

Remark. The energy calculated within KdV approximation of hydrodynamic
equations in the fixed reference frame is not expressed by KdV invariants. In other
words this quantity is not necessarily conserved by all solutions of KdV equations. It
is conserved only for those solutions which preserve their shapes during motion.

4.2. LUKE’S LAGRANGIAN AND KDV ENERGY

The full set of Euler equations for shallow water problem, as well as KdV
equations (6), (11), and higher order KdV equations can be derived from Luke’s
Lagrangian [17], see, e.g. [6]. Luke pointed out, however, that his Lagrangian is not
equal to the difference of kinetic and potential energy. Euler—Lagrange equations
obtained from L =T —V have not proper form at the boundary. Instead, Luke’s
Lagrangian is the sum of kinetic and potential energy suplemented by ¢: term which
is necessary in dynamical boundary condition.

4.3. LUKE’S LAGRANGIAN IN MARCHANT & SMYTH [6]
The original Lagrangian density in Luke’s paper [17] is

h(x) 1 . .
L:/ P{¢L+;(¢f+@§)+gy dy . (41)
o 2
After scaling according to (1) one obtains
. o 2 2 72 (2 a? -
& = gha ¢y, &, = gha” ¢3, &, = yhg @3- (42)
Then the Lagrangian density in scaled variables becomes (dy = hdy)

R S N N e 1, .
L = ;)_qlm,‘/o [(/),’ + 3 ((.\qbi + ‘_-j r)%)} dy + E/}gh,z(l + rwl)z_ (43)
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So, in dimensionless quantities

L “1+an ~ 1 5 o 5 ~ 1 s
ogha :‘/0 {@i+§ (ﬂol+—3®y>] dy+§an , (44)

where constant term and term proportional to 77 in expansion of (1 + az)? are omitted
as invariants. The form (44) is identical with the eq. (2.9) in Marchant & Smyth

paper [6].
The full Lagrangian is obtained by integration with respect to =, so in
dimensionless variables (dz = i d7) it gives

- nal 00 14+an ~ 1 g o o Vi 1 5 i
= pyg m,.‘ A op + 3 ooz + E &5 )| dy+ 5(111 dr. (45)

The factor in front of the integral, pghal = pgh?l a, has the energy dimension.
Next, the sign ( ~) will be omitted, but we have to remember that we are
working in scaled dimensionless variables in the fixed reference frame.

4.4. ENERGY IN THE FIXED REFERENCE FRAME

Let us express Lagrangian density by 7 and f = ¢(*) appearing in KdV equation
and velocity potential. Then, up to the first order in small parameters

— 71',2 b, — 71,,2 b — 71,2 b — — B
¢ - f 2/3[/ .fwzx:a O = ft 25’/ .fw:l:t-, Gy = f:l: 2HU fmmw) Dy = /_}for(46)

Then the expression under the integral in (44) is

[ = o= B fewe 5002 + 508 (= fofuee+ 1) @)

From properties of solutions at integration limits (OVer ) (—f, foee + f2,) = 2f2..
Integration (47) over ¥ yields

L
pgha

N R N 1 1 o 1 1
= (h + §a.f§) (L +an) = 58 e 5(L+ an)® + afff, (L +an)’ + San’. (48)

Then the dimensionless Hamiltonian density is ( ft% + fw% - 1)

a

2 Lor g 1 s 1
P = -« {50,/;(1 + o) + affz, 3(1 +an) + 5(”12 ' (49)

Again, we need to express Hamiltonian by 71 and its derivatives, only. Inserting

into (49)

UL Ly
fo=n— 00"+ 3B (50)
and leaving at most terms of the third order one obtains

H s 1, 1 .
= an® + Zoﬁnd + gaﬁ(nj + M) | - (51)
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So, energy is

E o0 1,5, 1 1
Pl = —a[m {anz + Zazns + 50‘3(’7:2: + rmm)} dr = — {o?/_w 2da + 1 / sz} (52)

because the integral of the term with &3 vanishes due to properties of solutions at
integration limits. Here, in the same way as in calculations of energy dlrectly from
the definition (39), the energy is expressed by integrals of 7* and 7°. The term
proportional to a) is not present in (52), because it was dropped earlier.

4.5. ENERGY IN THE MOVING FRAME

Let us do transformation to the moving frame

T=x—t, t = ot, 0, = O, & = —0; +adr. (53)
Then
. 1.9 : 1, ;
o=f— 5/3/!/ frz Gy = Jz — 56’!/ fzzz: Oy = —BY fez (54)
and
1., 1.,
G =—Jz+ iﬁy fzzz + o(fr — §5y fst)- (55)

Then up to the second order

3 (0024 52) = 302 + P fafian + £2)] = Jaf2 + aB)? L (56)

Therefore the expression under the integral in (44) is

1. 1 1
[]=—fat 50)1/2]%5-? +oa(fi— §ﬂy2fwi) + 506122 + aBy? yzi (57)

Integration yields

= (ff@ +afi+ %wff) (1+an) + %(1 +an)® Gﬁ(fl—ﬁ — frz) + afﬁf;%,z) + %anz. (58)

pgha

As in (49), the Hamiltonian density is

pq% = — |:(—f; + %(yff) (1+an)+ %(1 +an)? (%ﬁfﬁ? + (yﬁffx> + %(J{T/Z:I . (59)
Expressing Jzby (50) one finally obtains

H

1 1 5 1
pr i {—chz += /%/m - §<v2r/d +ap ( —np — 12717/;r1,~,) - E’BZT’“"’”""} . (60)

Finally the energy is
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LYY B e RS B Al SR Y AT
PR =« 4/_007, dz + « 2/_oo <r] 3ok dx (61)

because integrals from terms with 3,5? vanish at integration limits, and
— e = 512 by integration by parts. The invariant term proportional to an is not
present in (61), because it was dropped already in (44). If we include that term, the
total energy becomes a linear combination of all three lowest invariants, 7, 1® 1®),

Comment. Almost identical formula for the energy in the moving frame for
KdV equation, expressed in dimensional variables (10), was obtained in [9]. That
energy is expressed also by three lowest order invariants

1, * 3 W,
e=—g [Tnwws i [Cra it [T (0 -2 a (62)

5. NUMERICAL EXAMPLES

There are two kinds of solutions to KdV equations. The first ones are the
periodic solutions (so-called cnoidal waves, see, e.g. [18, Ch. 13]). The second kind
are soliton solutions. Cnoidal solutions as well as single soliton solutions preserve
their shapes during motion and therefore all integrals of the forms

/ ndx, / Ned, / Mnzdt, . ..

where a € R and » € N are arbitrary, are invariants for these solutions. Threfore, for
solutions of that kind the energy in forms (39), (40), (52) is conserved. It is not
necessarily true for multisoliton solutions. A violation of energy conservation in the
fixed frame should be maximal when solitons overlap during scattering. How big is
that violation? To obtain some estimations we calculated time evolution of two-
soliton solution of KdV equations and energy as function of time for such solution.

1

t=0 ——
09 | t=100 --------- 4

£=D00; #sseiseccss
08 | t=300

0.7
06

i
05 - 4 s i‘;

nix.t)

04

0.3

02

0.1

i
A

0 -2‘0 é) 2‘0' 40 60 E;O 1&)0' 1‘20 140 160

X
Figure 2: Shapes of two-soliton solution are presented for five instants of time from position
of separated solitons to their full overlap. In order to show details of the wave the distances

between solitons have been artificially shrinked for ¢ > 0.
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In Figure 2 shapes of two-soliton solution are presented for five instants of time
from position of separated solitons to their full overlap. Calculations were performed
in fixed coordinate system.

0.41544 §oo0co0o0000000000000006000,,

0.41542 -

0.4154 -

° Ehxed cs

""""" invariant

0.41538 -

0.41536

0.41534
0

50 100 150 200 250 300 350 400

t
Figure 3: Energy calculated from definition and from invariants of KdV equation. Open dots
correspond to results from the formula (63), open squares to those from (64).

In Figure 3 the energy in fixed coordinate system (39) is plotted as a function of
time for the motion of two-soliton solution presented in Figure 2 and compared with
the corresponding formula expressed by invariants. Precisely, the open dots represent
dimensionless part of the total energy in fixed coordinate frame (39), that is

o . 1 .
Efixed cs = / (an + (an)® + Z(an)“) dx, (63)

whereas the open squares show time dependence of

o 1 18 . 1
Finvariant = / {an + ((W})Z + Z(}:S (7}3 - gZT/ﬂ%)] de = aIW + o21% 4 Za:‘[(z). (64)

The last expression corresponds to the energy in the moving frame (61) in which
the term of the first order in « is not dropped. From this figure we see that the
relative changes of the energy (39) are of the order of 0.014 %. So, the violation of
the energy conservation is indeed very small. The Eiariant as expressed by
analytical invariants of KdV equation is constant up to 14 decimal digits in this
calculations.

In our numerical calculations of time evolution of solutions to KdV equation we
were using finite difference method with periodic boundary conditions. In order to
obtain the wave profiles with very good precision we used long space intervals,
mesh sizes of several thousands points and appropriate small time steps. For more
details we refer to [3, 4].
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6. CONCLUSIONS

The main conclusions can be formulated as follows:

The invariants of KdV equations in fixed and moving frames have the same
form only when in the transformation between frames there is the same scaling
factor for = and ¢.

The usual form of the energy # — 7 + v is not expressed by invariants only. The
reason lies in the fact, as pointed out by Luke, that Euler—Lagrange equations
obtained from the Lagrangian =7 — v do not supply right equations at the
boundary. However, the energy 7 =7 +V decreases by a very small fraction
only for those time instants when solitons composing multisoliton solution
overlap.

In moving coordinate system energy resulting from Luke’s Lagrangian density is
expressed by invariants of KdV equations.

Numerical tests confirm that invariants 7 71 1®) in forms (17), (19), (22),
(24) are exact constants of motion for two- and three-soliton solutions, both for
fixed and moving coordinate systems. In all performed tests the invariants were
exact up to thirteen digits in double precision calculations.
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