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on the occasion of his 65-th birthday

Abstract. All natural operators T ∗  T ∗(T ⊗ T ∗) over n-manifolds are

described. Non-existence of canonical volume forms on some natural bundles
is deduced.

We study how a 1-form ω on a n-manifold M induces a 1-form B(ω) on
TM⊗T ∗M . This problem is reflected in natural operators T ∗  T ∗(T⊗T ∗)
over n-manifolds, [5]. Using the results from [1] and [2], we prove that the set
of natural operators T ∗  T ∗(T ⊗ T ∗) over n-manifolds is a free C∞(Rn)-
module. We construct a basis of this module. See [6] (or [3]), for the similar
problem with T (or T ∗) instead of T ⊗ T ∗.

We deduce non-existence of canonical volume forms (simplectic, cosim-
plectic, contact structures) on some natural bundles, e.g. T ⊗ T ∗.

From now on π : TM ⊗ T ∗M → M is the bundle projection for every
n-manifold M , x1, ..., xn are the usual coordinates on Rn and ∂i = ∂

∂xi for
i = 1, ..., n.
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All manifolds and maps are assumed to be of class C∞.

I. The natural operators T ∗  T ∗(T ⊗ T ∗). If L : V → V is an
endomorphism of an n-dimensional vector space V then a1(L), ..., an(L)
denote the coefficients of the characteristic polynomial

WL(λ) = det(λ idV − L) = λn + a1(L)λn−1 + ... + an−1(L)λ + an(L) .

1. Example. For every n-manifold M we have a1, ..., an : TM ⊗ T ∗M →
R (as TxM ⊗ T ∗x M = End(TxM)) and da1, ..., dan ∈ Ω1(TM ⊗ T ∗M).
da1, ..., dan : T ∗  T ∗(T ⊗ T ∗) are constant natural operators over n-
manifolds.

2. Example. For every n-manifold M , ω ∈ Ω1(M) and i = 1, ..., n let
B(i)(ω) ∈ Ω1(TM ⊗ T ∗M), B(i)(ω)τ = ωx ◦ τn−i ◦ Tτπ, τ ∈ TxM ⊗ T ∗x M ,
x ∈ M , τn−i = τ ◦ ... ◦ τ (n− i)-times. B(1), ..., B(n) : T ∗  T ∗(T ⊗T ∗) are
nat. operators over n-manifolds.

The set of natural operators T ∗  T ∗(T ⊗ T ∗) over n-manifolds is a
C∞(Rn)-module: (fB)(ω) = f((ai)n

i=1)B(ω), B : T ∗  T ∗(T ⊗ T ∗), ω ∈
Ω1(M), f ∈ C∞(Rn).

3. Theorem. The operators dai and B(i) for i = 1, ..., n form a basis of the
C∞(Rn)-module of natural operators T ∗  T ∗(T ⊗ T ∗) over n-manifolds.

Proof. Let B : T ∗  T ∗(T ⊗ T ∗) be a natural operator over n-manifolds.
We have to show that B is the linear combination of the operators dai and
B(i) for i = 1, ..., n with uniquely determined coefficients from C∞(Rn). �

4. Lemma. B(ω) = B(0) on V (TM ⊗ T ∗M) for ω ∈ Ω1(M).

Proof. Let v ∈ Vτ (TRn ⊗ T ∗Rn), τ ∈ T0Rn ⊗ T ∗0 Rn, ω ∈ Ω1(Rn). Since
t idRn for t 6= 0 preserve v, B((t idRn)∗ω)τ (v) = B(ω)τ (v). If t → 0,
B(ω)τ (v) = B(0)τ (v). �

5. Lemma. There exist the maps fi ∈ C∞(Rn) such that B(ω)τ ((vo)C
τ ) =∑n

i=1 fi(a1(τ), ..., an(τ))ω0(τn−i(v)) for τ ∈ T0Rn ⊗ T ∗0 Rn, ω ∈ Ω1(Rn),
v ∈ T0Rn, where vo is the constant vector field on Rn with vo

0 = v and
(vo)C its complete lifting.

Proof. Consider τ ∈ T0Rn ⊗ T ∗0 Rn. Given ω ∈ Ω(Rn), by [5], B(ω)τ

depends only on jr
0ω for some finite r = r(τ). Define Bτ : (Jr

0T ∗Rn) ×
T0Rn → R, Bτ (jr

0ω, v) = B(ω)τ ((vo)C
τ ), ω ∈ Ω1(Rn), v ∈ T0Rn. By the

invariance of B with respect to t idRn for t ∈ R+ and the homogeneous
function theorem, [5], Bτ depends linearly on (ω0, v).
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So, we can define B̃ : T0Rn ⊗ T ∗0 Rn → T0Rn ⊗ T ∗0 Rn, B̃(τ)(ω0, v) =
B(ω)τ ((vo)C

τ ), ω ∈ Ω1(Rn), v ∈ T0Rn. By the GL(Rn)-invariance of B,
B̃ is GL(Rn)-equivariant. Then, by Proposition 2.2 in [1], there exist the
maps fi ∈ C∞(Rn) with B̃(τ) =

∑n
i=1 fi(a1(τ), ..., an(τ))τn−i for τ ∈

T0Rn ⊗ T ∗0 Rn. �

Replacing B by B −
∑n

i=1 fiB
(i), we can assume that B is constant.

6. Lemma. There exist the maps gi ∈ C∞(Rn) with B =
∑n

i=1 gidai.

Proof. Since B is constant, we can define new natural operator Bo :
T⊗T ∗  T ∗ such that Bo(τ) = τ∗B for any tensor field τ on an n-manifold
M .

By Theorem 2.2 in [2], there exist the maps gij ∈ C∞(Rn) for i, j =
1, ..., n such that Bo(τ) =

∑n
i,j=1 gij(a1(τ), ..., an(τ))d(ai(τ)) ◦ τn−j for any

τ as above.
Since the correspondence B → Bo is injective, it remains to verify that

gij = 0 for i = 1, ..., n and j = 1, ..., n− 1. We can assume n ≥ 2.
Consider io = 1, ..., n and jo = 1, ..., n − 1 and b = (b1, ..., bn) ∈ Rn.

Let A ∈ gl(n) be such that Aei = ei+1 for i = 1, ..., n − 1 and Aen =
−bne1 − ...− b1en.

Let τ be the tensor field on Rn of type (1, 1) such that τx ∈ End(TxRn)
has matrix A with respect to ∂1|x, ..., ∂n|x for x ∈ Rn. Then ai(τ) = bi,
i = 1, ..., n.

Let η be the tensor field on Rn of type (1, 1) such that ηx has matrix
A−xn−jo+1En−io+1,n for any x = (x1, ..., xn) ∈ Rn, where Ek,l ∈ gl(n) has
1 in the (k, l) position and 0 in other positions. Then ai(η) = bi+δi

io
xn−jo+1

for i = 1, ..., n.
Clearly Tη(∂1|0) = Tτ(∂1|0) and d(ai(τ)) = dbi = 0 for i = 1, ..., n. Then

Bo(η)0(∂1|0) = Bo(τ)0(∂1|0) = 0. Then, since (η0)n−j(∂1|0) = ∂n−j+1|0 for
j = 1, ..., n,

∑n
i,j=1 gij(b)d(ai(η))(∂n−j+1|0) = 0. Since ∂

∂xn−j+1 (ai(η)) =
δi
io

δn−j+1
n−jo+1, giojo(b) = 0.

The proof of Theorem 3 is complete. �

7. Corollary. The operators B(i) (or dai) for i = 1, ..., n form a basis
of the C∞(Rn)-module of linear natural operators T ∗  T ∗(T ⊗ T ∗) (or
canonical 1-forms on T ⊗ T ∗) over n-manifolds.

8. Remark. If n ≥ 2, there are non-zero canonical 2-forms on T ⊗ T ∗ (for
example, dai ∧ daj for 1 ≤ i < j ≤ n) but there are no canonical simplectic
structures because there are no canonical volume forms, see Proposition 10
(c).
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II. Non-existence of canonical volume forms on some natural bun-
dles.

9. Lemma. Let F be a natural bundle over n-manifolds. Suppose there
is vo ∈ F0Rn with F (t idRn)(vo) = vo for all t ∈ R and there are a basis
u1, ..., uk of VvoFRn and a1, ..., ak ∈ R with TF (t idRn)(uj) = taj uj for
j = 1, ..., k and t ∈ R+. Suppose also that there is a canonical volume form
Ω on F . Then n +

∑k
j=1 aj = 0.

Proof. Using basis ∂C
1 |vo

, ..., ∂C
n |vo

, u1, ..., uk of Tvo
FRn we see that t idRn

maps Ωvo
into t−(n+

∑k
j=1 aj)Ωvo

. On the other hand, t idRn preserves Ωvo

and Ωvo
6= 0. �

10. Proposition. There are no canonical volume forms on:
(a) (F|Mfn

)∗ for every bundle functor F : Mf → VB with dim(F0Rn)−
dim(FR0) ≥ n + 1 (in particular, on T r∗

p = Jr(.,Rp)0 for p, r ∈ N
with (p, r) 6= (1, 1), on JrT ∗ for r ∈ N and on ΛpT ∗ for n ≥ 4 and
p = 2, ..., n− 2);

(b) Λn−1T ∗ for n ≥ 3;

(c) ⊗pT ⊗ ⊗qT ∗ for p, q ∈ N ∪ {0} with (p, q) 6= (0, 1) if n ≥ 2 and
(p, q) 6= (p, p + 1) if n = 1;

(d) ⊗p(ΛnT ∗) for p ≥ 2.

Proof. ad (a) Put vo = 0 ∈ (F0Rn)∗. There are a basis u1, ..., uk of
Vvo(FRn)∗ and a1, ..., ak ∈ {0,−1, ...} with T ((F )∗(t idRn))(uj) = taj uj for
j = 1, ..., k and t > 0, [4]. We see card{j | aj = 0} = dim(FR0). So,
n +

∑k
j=1 aj < 0. Apply Lemma 9.

ad (b)—(d) Consider vo = 0 over 0 ∈ Rn and the obvious bases u1, ..., uk

of F0Rn=̃Vvo
FRn for F = ⊗pT⊗⊗qT ∗, Λn−1T ∗, ⊗p(ΛnT ∗). Find a1, ..., ak

with F (t idRn)(uj) = taj uj for j = 1, ..., k and t ∈ R+ and apply Lemma
9. �

11. Remark. (a) There is the well-known simplectic structure (and the
volume form) on T ∗. If (p, r) = (1, 1), T r∗

p =̃T ∗. If n = 1, ⊗pT⊗⊗p+1T ∗=̃T ∗

by a contraction.
(b) We have a volume form dΘ on ΛnT ∗, Θω(v1, ..., vn) = ω(Tπ(v1), ...,

Tπ(vn)), v1, ..., vn ∈ TωΛnT ∗M , ω ∈ ΛnT ∗x M , x ∈ M .
(c) If F : Mf → VB is a bundle functor with dim(F0Rn)−dim(FR0) = n

(< n), then a volume form on (F|Mfn
)∗ can exist or not, see (a) and 10(b)

((b) and 10(d)).
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