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Abstract. LetX be a uniformly convex Banach space, C a nonempty, closed
and convex subset of X and let T : C → X be an asymptotically nonexpansive
in the intermediate sense mapping. In this paper we present a nonstandard
proof of a demiclosedness principle for such T .

1. Introduction. Demiclosedness principle [2] is one of the basic tools
in theory of nonexpansive mappings in uniformly convex Banach spaces.
To state this principle we recall some definitions. The notion of uniform
convexity was introduced by Clarkson in 1936 [5]. We begin with a notion
of a modulus of convexity.

Definition 1.1. The modulus of convexity of a Banach space X is the
function δ : [0, 2] → [0, 1] defined by

δ(ε) = inf
{

1−
∥∥∥∥x + y

2

∥∥∥∥ : ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x− y‖ ≥ ε

}
.
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Definition 1.2. A Banach spaceX is said to be uniformly convex if δ(ε) > 0
for each ε ∈ (0, 2].

Now we recall a few notations and notions connected with mappings. For
any mapping T , we denote by FixT the set of fixed points of T .

Definition 1.3. Let C ⊂ X be a nonempty set. A mapping T : C → X
is demiclosed (at y) if {xn} converges weakly to x and {Txn} converges
strongly to y, then x ∈ C and Tx = y.

Definition 1.4. Let C ⊂ X be a nonempty set. A mapping T : C → C is
nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖
for x, y ∈ C.

In 1968 Browder [2] proved the following theorem (in its statement I
denotes the identity mapping).

Theorem 1.1. Suppose C is a bounded closed convex subset of a uniformly
convex Banach space X and suppose T : C → C is nonexpansive. Then
I − T is demiclosed at 0.

Many authors have generalized Browder’s result to wider classes of map-
pings and Banach spaces. Now we recall three definitions of such classes of
mappings. The first one is due to Goebel and Kirk [8].

Definition 1.5. Let C ⊂ X and T : C → C. If there exists a sequence
{kn} of positive real numbers with kn → 1 as n →∞ for which

‖Tnx− Tny‖ ≤ kn‖x− y‖

for all x, y ∈ C, then T is said to be asymptotically nonexpansive.

The second is due to Kirk [13].

Definition 1.6. Let C ⊂ X be bounded and T : C → C. If T satisfies

lim sup
n→∞

sup
y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0

for each x ∈ C, and TN is continuous for some N ≥ 1, then T is a mapping
of asymptotically nonexpansive type.

The third was introduced by Bruck, Kuczumow and Reich [3].

Definition 1.7. Let C ⊂ X be bounded. A mapping T : C → C is called
asymptotically nonexpansive in the intermediate sense if T is continuous
and

lim sup
n→∞

sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0.



A nonstandard proof of a generalized demiclosedness principle 45

Kirk [13] proved that if X is a uniformly convex Banach space, C is a
nonempty, bounded, closed and convex subset of X and T : C → C is a
mapping of asymptotically nonexpansive type, then T has a fixed point.
Since self-mappings of bounded, closed and convex subsets C of a uni-
formly convex Banach space which are either asymptotically nonexpansive
or asymptotically nonexpansive in the intermediate sense are of asymptoti-
cally nonexpansive type, they have a fixed point.
There are many results which generalize Browder’s demiclosedness princi-
ple to the above classes of mappings (see, e.g., [7], [17] and the bibliography
therein). A nonstandard proof of one of these results can be found in [11].
Now, we recall another definition of mapping which is asymptotically non-
expansive in the intermediate sense. In this definition a non-self-mapping
T : C → X appears.

Definition 1.8 ([4]). Let X be a Banach space and C ⊂ X. Let P :
X → C be a nonexpansive retraction. A mapping T : C → X is said to
be asymptotically nonexpansive in the intermediate sense if T is continuous
and the following inequality holds

lim sup
n→∞

sup
x,y∈C

(∥∥T (PT )n−1x− T (PT )n−1y
∥∥− ‖x− y‖

)
≤ 0.

In [10], [14] and [4] the following generalized demiclosedness principles
were proved. Our aim is to give nonstandard proofs of these results.

Theorem 1.2 ([10], [14]). Let X be a uniformly convex Banach space, C
a nonempty, closed and convex subset of X, and T : C → C a mapping
which is asymptotically nonexpansive in the intermediate sense. If {xk} is
a sequence in C converging weakly to x̄ and if

lim
j→∞

(
lim sup

k→∞

∥∥xk − T jxk

∥∥)
= 0,

then T x̄ = x̄.

Theorem 1.3 (Demiclosedness Principle for Non-self-mappings [4]). Let
X be a uniformly convex Banach space, C a nonempty, closed and convex
subset of X, and let P : X → C be a nonexpansive retraction. Let T :
C → X be a mapping which is uniformly continuous and asymptotically
nonexpansive in the intermediate sense, that is,

lim sup
n→∞

sup
x,y∈C

(∥∥T (PT )n−1x− T (PT )n−1y
∥∥− ‖x− y‖

)
≤ 0.

If {xk} is a sequence in C converging weakly to x̄ and if

lim
j→∞

(
lim sup

k→∞

∥∥xk − T (PT )j−1xk

∥∥)
= 0,

then T x̄ = x̄.
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2. Ultrapowers. As we have mentioned, we will use nonstandard tech-
niques. So in this section we recall a few basic facts concerning ultrapowers.
The set N can be treated as a sequence {n}n∈N. Hence it has a subnet
{nξ} which is an ultranet (see, e.g., [9]). Throughout this section {nξ} will
remain fixed.
Let X be a Banach space and let

l∞(X) =
{

x = {xn} ∈ X : sup
n∈N

‖xn‖ < ∞
}

.

It is known that l∞(X) is a Banach space with the norm defined by

‖{xn}‖∞ = sup
n∈N

‖xn‖

for {xn} ∈ l∞(X). Set

N =
{
{xn} ∈ l∞(X) : lim

ξ

∥∥xnξ

∥∥ = 0
}

.

The Banach space ultrapower X̃ of X (relative to the ultranet {nξ}) is the
quotient space l∞(X)/N . Thus the elements of X̃ consist of equivalence
classes x̃ = [{xn}] for which

‖x̃‖ξ = ‖[{xn}]‖ξ = lim
ξ

∥∥xnξ

∥∥ ,

with {un} ∈ [{xn}] if and only if limξ

∥∥unξ
− xnξ

∥∥ = 0. It is known that X̃
with the norm ‖·‖ξ is a Banach space. Moreover, if X is uniformly convex,
then so is X̃ and δX̃ = δX . Another important fact about ultrapowers is
the following result of Stern [16]: If X is super-reflexive, then (X̃)∗ = X̃∗.
This means that each functional f̃ ∈ (X̃)∗ is of the form f̃ = [{fn}] ∈ X̃∗,
and f̃(x̃) = limξ fnξ

(
xnξ

)
for each x̃ ∈ X̃. For more detailed description of

this setting see, e.g., [1], [11], [12] and [15].
For each x ∈ X, let (xn) denote the sequence for which xn ≡ x, and let

ẋ = [(xn)] ∈ X̃. Then X is linearly isometric to the subspace

Ẋ = {ẋ : x ∈ X}

of X̃ via mapping i(x) = ẋ, x ∈ X. Likewise, for C ⊂ X we define the set
Ċ. Finally, if C ⊂ X, then

C̃ = {x̃ = [{xn}] : xn ∈ C for each n}.

In what follows notation introduced in this section will be used.

3. Demiclosedness principle. Here we present a nonstandard proof of
the following theorem, which is a generalization of Theorem 1.3. Namely,
we assume continuity of T instead of uniform continuity.
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Theorem 3.1 (Demiclosedness Principle for Non-self-mappings). Let X be
a uniformly convex Banach space, C a nonempty, closed and convex subset
of X, and let P : X → C be a nonexpansive retraction. Let T : C → X
be a mapping which is continuous and asymptotically nonexpansive in the
intermediate sense, that is,

lim sup
n→∞

sup
x,y∈C

(∥∥T (PT )n−1x− T (PT )n−1y
∥∥− ‖x− y‖

)
≤ 0.

If {xk} is a sequence in C converging weakly to x̄ and if

lim
j→∞

(
lim sup

k→∞

∥∥xk − T (PT )j−1xk

∥∥)
= 0,

then T x̄ = x̄.

Proof. Without loss of generality we may assume that a uniformly convex
Banach space X is real. By the assumption

lim
j→∞

(
lim sup

k→∞

∥∥xk − T (PT )j−1xk

∥∥)
= 0,

we can choose a subsequence {xkm} of {xk} such that

lim
n→∞

∥∥xkmn
− T (PT )n−1xkmn

∥∥ = 0

and
lim

n→∞

∥∥xkmn
− T (PT )nxkmn

∥∥ = 0

for each subsequence {xkmn
} of {xkm}. Since {xkm} is bounded as a weakly

convergent sequence, we see that {T (PT )mxkm} is also bounded. This im-
plies that a sequence {T (PT )nyn} is bounded for each bounded sequence
{yn} ∈ C. Indeed, it is sufficient to notice that by the asymptotic nonex-
pansiveness in the intermediate sense of T we have

lim sup
n→∞

(‖T (PT )nyn − T (PT )nxkn‖ − ‖yn − xkn‖) ≤ 0.

The above observation allows us to define a mapping S : C̃ → X̃ by setting

S([{yn}]) = [{T (PT )nyn}]

for [{yn}] ∈ C̃. By the inequality

lim sup
n→∞

(‖T (PT )nyn − T (PT )nzn‖ − ‖yn − zn‖) ≤ 0

we get

‖S([{yn}])− S([{zn}])‖ξ = lim
ξ

∥∥T (PT )nξynξ
− T (PT )nξznξ

∥∥
≤ lim

ξ

∥∥ynξ
− znξ

∥∥ = ‖[{yn}]− [{zn}]‖ξ,



48 W. Kaczor

which proves nonexpansiveness of S. Since the retraction P is nonexpansive,
we see that

lim sup
n→∞

(‖(PT )nyn − (PT )nxkn‖ − ‖yn − xkn‖)

≤ lim sup
n→∞

(∥∥T (PT )n−1yn − T (PT )n−1xkn

∥∥− ‖yn − xkn‖
)
≤ 0

and therefore

lim
ξ

∥∥(PT )nξynξ
− (PT )nξznξ

∥∥ ≤ lim
ξ

∥∥ynξ
− znξ

∥∥ .

So, we can introduce another nonexpansive mapping S′ : C̃ → C̃ by setting

S′([{yn}]) = [{(PT )nyn}]

for [{yn}] ∈ C̃. We claim that S and S′ have common fixed points. We recall
that each subsequence {xkmn

} of the sequence {xkm} satisfies the following
conditions

lim
n→∞

∥∥xkmn
− T (PT )n−1xkmn

∥∥ = 0

and
lim

n→∞

∥∥xkmn
− T (PT )nxkmn

∥∥ = 0.

Hence we have∥∥S([{xkmn
}])− [{xkmn

}]
∥∥

ξ
= lim

ξ

∥∥∥T (PT )nξxkmnξ
− xkmnξ

∥∥∥ = 0

and

‖S′([{xkmn
}])− [{xkmn

}]‖ξ =
∥∥[{(PT )nxkmn

}]− [{xkmn
}]

∥∥
ξ

= lim
ξ

∥∥∥(PT )nξxkmnξ
− xkmnξ

∥∥∥
≤ lim

ξ

∥∥∥T (PT )nξ−1xkmnξ
− xkmnξ

∥∥∥ = 0.

This means that for each subsequence {xkmn
} of the sequence {xkm} the

element [{xkmn
}] of C̃ is a common fixed point of mappings S and S′. We

know that X̃ is uniformly convex and therefore FixS and FixS′ are closed
and convex [6]. So these sets are convex and weakly closed. We claim that
˙̄x (where by assumption x̄ is the weak limit of {xkm}) is a common element
of FixS and FixS′. If, for example, ˙̄x /∈ FixS then by Separation Theorem
(see Theorem 6.5 in [11]), there exists f̃ ∈ X̃∗ such that

f̃( ˙̄x) > f̃(ỹ)

for ỹ ∈ FixS. By super-reflexivity of X there exists fn ∈ X∗ such that for
each ũ = [{un}] ∈ X̃ we have

f̃(ũ) = lim
ξ

fnξ

(
unξ

)
.
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Since {xkm} converges weakly to x̄, we can choose a subsequence {xkmn
}

such that
lim

n→∞

∣∣fn(xkmn
)− fn(x̄)

∣∣ = 0.

As we know, x̃ = [{xkmn
}] is a fixed point of S. Thus we get the following

contradiction

f̃( ˙̄x) > f̃(x̃) = lim
ξ

fnξ

(
xkmnξ

)
= lim

ξ
fnξ

(x̄) = f̃( ˙̄x).

So, ˙̄x is a common element of FixS and FixS′. Hence

x̄ = lim
ξ

T (PT )nξ x̄

and
x̄ = lim

ξ
(PT )nξ x̄.

By the continuity of T , this gives

x̄ = lim
ξ

T (PT )nξ x̄ = T

(
lim

ξ
(PT )nξ x̄

)
= T x̄

and the proof is complete. �

It is evident that a slight change in the above proof gives a nonstandard
proof of Theorem 1.2.
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