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Tensor fields on LM
induced by tensor fields on M
by means of connections on M

ABSTRACT. We describe all natural operators A transforming a classical lin-
ear connection V on an m-dimensional manifolds M and a tensor field ¢ of
type (r,s) on M into a tensor field A(V,t) of type (p, q) on the frame bundle
LM over M.

0. Introduction. There are some equivalent notions of classical linear con-
nections, [1]-[3]. They are covariant derivatives V satisfying well-known
properties, they are systems of Christoffel symbols F;k with the well-known
transformation rules, they are homothety invariant distributions H on the
tangent bundle such that TTM = VITM & H, they are so-called hori-
zontal liftings ( ) to the tangent bundle, they are fiber linear sections
X :TM — JYTM of the first jet prolongation of the tangent bundle, and
they are sections of so-called connection bundle QM. (We recall that the
connection bundle on a manifold M is QM = w~!(idyy) C T*M @ J'TM,
where 7 : T*M ® J'TM — T*M ® TM is the usual projection).

In [2, Theorem 33.16], it is described how a classical linear connection
V on an m-dimensional manifold M and a tensor field ¢ of type (r,s) on
M induce tensor field A(V,t) of type (p,q) on M, provided r < s. More
precisely, there are classified all respective natural operators.
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In the present paper, we study how a classical linear connection V on an
m-dimensional manifold M and a tensor field ¢ of type (r, s) on M can induce
a tensor field A(V,t) on the linear frame bundle LM over M. This problem
is reflected in the concept of M f,,-natural operators A : Q x T ~
TPDL, where Mf,, is the category of all m-dimensional manifolds and
their embeddings. We describe all natural operators A in question.

We recall that an M f,,-natural operator A : Q x T("%) ~ TPD [ in the
sense of [2] is a regular and M f,,,-invariant system of operators

A:T(QM) x D(TT*) M) — T(TP9D(LM))

for any manifold M, where I'(QM) is the set of sections of QM — M
(classical linear connections on M), I'(T("*) M) is the space of all tensor
fields of type (r,s) on M and T'(T®9(LM)) is the space of all tensor fields
of type (p,q) on LM. The invariance of A means that for any M f,,-map
@ : M — N if connections V1 on M and V3 on N are ¢-related and tensor
fields 71 and 7o of type (r,s) on M and N are p-related then tensor fields
A(V1,71) and A(Va, 2) of type (p, q) on LM and LN are Lp-related, where
Ly : LM — LN is the induced fibered map. The regularity of .4 means
that A transforms smoothly parametrized families of sections into smoothly
parametrized families of sections.

From now on z', ..., 2™ is the usual coordinate system on R™. All mani-
folds and maps are assumed to be smooth (of class C*).

1. The M f,-natural operators Q X T("*) ~ T(0:0) [, of finite order.
Let 0 = (%‘0, ceey axim\o) € LoR™ be the frame. Let S* be the vector space
of all k-jets at 0 € R of classical linear connections V on R™ given by the
Christoffel symbols I’;.l : R™ — R satisfying

m
Z F;l(x)xjml =0fori=1,....m.
Jl=1

Equivalently, S* is the space of all k-jets at 0 of classical linear connections
V on R™ such that the usual coordinate system z',...,2™ on R™ is a
normal coordinate system for V with center 0.

Let us consider a smooth function
p:SF x JETMIR™ - R,
Given a classical linear connection V on an m-manifold M and a tensor
field ¢ of type (r,s) on M we define a smooth map B<#~(V,t): LM — R
by
B (V,1)(0) == p(ig (9+V), 45 (pst))
for o € (LM);, © € M, where ¢ is a normal coordinate system on M for V

with center z such that ¢(x) = 0 and Lp(o) = 0. The definition is correct
because germg () is determined uniquely. (Indeed, for another such normal
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coordinate system ¢; we have ¢1 = A o ¢ near z for some A € Gl(m) (see
[1]) with LA(f) = 6. So, A =id and ¢; = ¢ near x, as well.)

The correspondence B<H> : Q x T%) ~s TOO L is an M f,,-natural
operator of order k. It can be proved as follows.

Let j¥V, = j*V,, ikt = jFty, where x € M, 0 € L,M. Then
jg:QE:cpvl = jg:QExpv2 (it is well-known fact). Then j5+2p; = jE+2¢py,
where @1, o are the unique normal coordinates for Vi and Vs determined
by ¢ in question.

Then j§ ((¢1)«V1) = j§ ((#2):V2) and 5§ ((¢1)«t1) = g ((¢2)«t2). Then
B<“><V1,t1)(0) = B<“>(V2,t2)(0) as well.

Proposition 1. Any M f,-natural operator B : Q x T ~s TOO L of
finite order k is equal to BS*> for some unique smooth function p : S* x
JETrsR™ — R.

Proof. Let B be an operator in question. Define p : S* x J(’)“T(T’S)Rm — R
by

n(ib (V) 45t) = B(V, t)o.
Clearly, B = B<Ht~, O

2. Some vector fields on LM from a connection on M. Let V be a
classical linear connection on M. For any £ € R™ we have the fundamental
horizontal vector field B¢(V) on LM defined by Tn(B$(V);) = 1(£),1 € LM
and 7 : LM — M is the bundle projection.

For any A € gl(m) we have the fundamental vertical vector field A* on
LM. We have the following well-known fact.

Proposition 2. Let e; be the usual basis in R™ and ElJ be the usual basis in
gl(m). Given a classical linear connection NV on M the vector fields B*(V)
and (EJ)* fori,j,l =1,...,m form the basis over C**(LM) of vector fields
on LM.

3. The M f,,-natural operators A : Q X T("%) ~s TP [, of finite
order. The space of all M f,,-natural operators A : Q x T("5) ~ TP, of
finite order k is (in obvious way) the module over the algebra of all (classified
in Section 1) M f,,-natural operators B : @) x T(8) s TOO L, of order k.

Proposition 3. The module of all M f,-natural operators A : Q x T(%) ~
TWDL of order k < oo is free and finite dimensional. Let F*(V) be the basis
of tensor fields on LM of type (p,q) obtained from the basis (B (V), (Elj)*)
by the dualization and tensoring. Then the (constant in the second factor)
M frp-natural operators F* : Q x T ~s TWOL form the basis in the
module in question.

Proof. Let C: Q x T("%) ~s T(®O [ be an M f,,,-natural operator of order
k. For any classical linear connection V on M and any tensor field ¢ of type
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(r,s) on M we can write

AV, 1) = XV, ) F(V),

where \(V,t) : LM — R are the uniquely determined maps.
Because of the invariance od A with respect to M fy,-maps, A\, : Q X
T5) ~o TOOL are M f,,-natural operators. O

4. The infinite order case. For £k = oo, the results are similar. We
need only replace p : S¥ x JFTR™ — R by smooth p : S x JETR™ —
R. The smoothness means that p is locally factorized by smooth maps
Sk x JFTR™ — R with finite k. In the proof of (new) Proposition 1, the
additional assumption on p is obtained by the non-linear Petree theorem, [2].
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