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On the theorem of regularity of decrease
for universal linearly invariant
families of functions

ABSTRACT. This article includes results connected with the theorem of reg-
ularity of decrease for linearly invariant families U, of analytic functions in
the unit disk. In particular the question about a cardinality of the set of
directions of intensive decrease for any function from U, is considered.

In this article we study linearly invariant families, which were defined by
Ch. Pommerenke [10] in 1964.

Definition 1 ([10]). A family 9 of functions f(z) = z 4+ > o, an(f)z"
analytic in the unit disk A = {z : |z| < 1} is called a linearly invariant
family (LIF) if each function f € 9 satisfies the following conditions:

1) f'(2) # 0 for all z € A (local univalence);

2) functions of the form

f 61’9% _ f(eiea)
M = s s =

for all a € A and ¢ € R belong to 9 (invariance with respect to a conformal
automorphism of the unit disk A).
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Definition 2 ([2]). The quantity
ord 9 = sup [as(f)|
fem
is called the order of the LIF 9.

Definition 3 ([10]). The union of all linearly invariant families of order not
greater than « is called a universal linearly invariant family of order o and
it is denoted by U,

For every continuous function g : A — C and r € [0;1) we put

M(r, ¢) = ‘mlaX!sb( z)|, m(r,¢) = min | o(2)].

For linearly invariant families there is a list of theorems concerning the
regularity growth. Statements of this type characterize the order of growth
of moduli of functions and their derivatives.

Such results, for example, for the well-known class S of univalent functions
in A were obtained in [1], [7], [8].

Theorem A (regularity of growth in S). Let f € S. Then
1) there exists the limit
) (1-— 7“) (1—7r)3
1
and 6 = 1 for the Koebe function fo(z) = 2(1 — 2e7?)~2 only. Functions
under the sign of the limit are decreasing with respect to r, 0 < r < 1, if
§#1.
2) If § # 0, then there exists ©° € [0,27) such that

i [1fen @) < i 1o G52 ={;§1 C

functions under the sign of the limit are decreasing with respect to r € (0,1)
too.

r—1— r—1—

= lim [M(r, #) ] =6€(0,1]

Theorems of regularity of growth for universal LIF were proved in [2],
[11], [12] (see also the review [5]).

Theorem B (regularity of growth in U,). Let f € U,. Then
1) for all ¢ € [0;27) functions
(1 —r)att
| (re') o
(I4+r)e

are non-increasing with respect to r € (0;1);
2) there exist numbers 6 € [0,1] and ¢° € R such that

¢ = lim [M(T,f)%é(l_r)a] = lim { (r, f)ﬂ

r—1— 147 r—l1— (1+nr) a—l1

(1 —r a+1

and M(r, f') 157
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(1 _ )a+1

. 10 iO ; i? 1- "
= i [ = i e e (352) ]

et 1+ ze ¥\“

Taking into consideration the above-stated class of theorems it is natural
to consider the question about the order of decrease of the analogous values.

In the paper [3] (see also [4]) the following theorem of regularity of de-
crease was proved.

Theorem 1 (regularity of decrease in U, ). Let f € U,. Then
1) there exist numbers §y € [1,00] and ¢g € R such that

(14 r)otd

Functions under the sign of the limit are non-decreasing with respect to
r € (0;1) for all ¢p € R.

UCEBd.

1 a+1 )
o= Jim i G| = 1)

Definition 4. The number ¢g from Theorem 1 we shall call a direction of
maximal decrease (shortly written d.m.d.) of f(z).

Definition 5. Every number 0 € [0;27) such that

(1+ T‘)(a+1)
(1 —r)la=D)

we shall call a direction of intensive decrease (shortly written d.i.d.) of f(2).

lim |f(re’)| = 5y € [1;00)

It is natural to define the partition of family U, into disjoint classes
Un(d0), 0o € [1;00], where the same number dy (this is the number from
Theorem 1) corresponds to all functions from the class Uy, (dp).

Since the class K = U has been well investigated, therefore, we will study
the case a > 1 only.

Theorem 2. Let a > 1, f € Uy(dp), do < 00; 0 is one of d.i.d. of the

function f and § € [dg,00) is a number which corresponds to this d.i.d.

Denote by A(n) the Stoltz angle with measure 21, n € (0, 5) with vertex
at the point €2, ®(¢) = arg f'(p(¢)e®?), ¢ € A(n) where

1—1r2)2 1 1 1
ﬂ (1—2>, ro = sinn,
70

A0\ gyt T 20

c(¢) = R{¢e "} — tann|S{¢e}|.



26 E. G. Ganenkova

Then for alln € N if « ¢ N and for alln € N such that n < a+1 if « € N:

F™(©) o~ i®(C) 5
ks (Q) =1

in A(n).

Thus, if a function f € U, has d.i.d. 8, then for above-stated n a behavior
of functions |f(™| and ]kén)\é differs a little in the angle domain

A(Rm) = {CeA: Jargl—¢e)| <n, R<(| <1}
as R — 1.

Proof. For any ¢ € [0;27) there exists the limit

) r a+1
i [17/e ) 0 | = oo

r—l—

Let us fix a € A and ¢ and denote z = 1’”5:;;{;, |z| = R(r). It is known
[3, Th. 2] that lim,_;_ R'(r) = 1-1a " For such z we have

T |1—aei?]”

. / (1+ [zt
i 1

- [fre )@ £ )+t (1—r)>a1

= lim

1= [F@I+ =P =) T =i \T= R(r
5 1 a—1
~ o e i )
r—l1l— _ i¢_a r—l1— T
Fla)l[L+afss

AL —ae
F(@)(1— [aP)a

> lim {m(R(r), f(z,a))

EE3. (o) al P

= R(r)—1- (1—R(r))e"1
Let us assume now ¢ to be equal § — d.i.d. of f(z). Put a = pe®, then
5(0)(1 — p)* 3(0) (1 —p)>t

: = . > dg.
[/ (pe®)[(1 = p?)ott [ f/(pe?)|(1 + p)ott =
Therefore, 0, — 1 and in view of the Theorem 3 from [3] any lo-
p—1-
cally convergent in A sequence f,(z) = f(z,pne®) converges to kg, (z) as
pn —— 1— for some 6; € [0; 27).

n—oo
We shall prove 61 = 6. Denote R, = L:L;:T.
) ) "R ew)‘
k‘/ 10\ — li l LAY Ii |f( n
IRy (re)1 = g 1n(re)] = Jim, |f"(pne®) (1 + pur)?
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= lim . T -
n—00 ‘f/(pnew” (1+P(nl) - )(1+Pn )2

o 8(0) 1—r\*" 0
a 5(0)(1+T)2 14+7r rel—

and this is possible in the case #; = 6 only.
Taking into account the inequality (see [10])

1m
n—oo | — Pn

[ (R (P (1_ 1Rn>a1

(1—r)t (1+r)2t

(1) W7|f()’7m’ r=|z|

one can use Vitali theorem for the functions f’(z, pe?). Thus
/(2 p6%) —— ki(2)
p—1—
locally uniformly in A. In particular, for every fixed ry € (0,1)
+pet? ,
' <1ip§fi9z> (1 — ze~#)a-t
f/(pez‘e)(l +pe—i0Z)2 p—1— (1 +Ze—i9)a+1
uniformly in the disk {|z| < r¢}. Thus functions

1 ztpei® ) , 24 pei?
f (Hpe*“z) g (L—zem )t K (Hpe*”z)
—————% and (14 pe "z) : = ,
f'(pet®) (14 zem0)ott kg (pe'®)

converge uniformly in {|z|] < 7} to the same analytic function on {|z|] < ro}

as p— 1—, ie.
+ 16 4 0
(2) f <1ip53“’2> ko (1;53%)
f'(peif) kp(pet®) — p—1-

uniformly in {|z| < 7r¢}. Further proof of the case n = 1 follows the line

proved for a similar theorem in [12].

z+pe’
1+p *’gz

The function maps unlvalently the disk {|z| < 79} onto the disk

2
with the center c(rq) = e p1 202 and the radius 7.(rg) = r§9p27’f2). It
To 0

follows that ,
Q) Kylpe®)
kg(C) ['(pe™®) p—1-
uniformly in the disk K,(ro) = {|¢ — c(r0)| < r«(r0)}. If we denote ®(p) =

arg f'(pe'?), we have ,{é((?) e~ 12(p) . d uniformly in K,(ro), thus for each

e > 0 there exists Ry € (0,1) such that for all p € (R1,1)

3)

—

Q) —iv(r) _
5(C)

<e,

I3
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for all ¢ € K,(ro). Let 23 be the measure of an angle with the vertex at e?
and with the arms tangential to the circle K,(rg). Then

re(ro) _ ro(l=p*) _rmo(l+4p) _ ¥(p)
—le(ro)l  1=pXi—p+pry 14 prd ’

sin 3 = 7

The function (p) is increasing. Consequently, for p € (R’,1) the family of
disks K, (7o) covers a subset of A, which contains A(R,n) for some R and 7.
We can take arcsin rg, instead of 7 because 1(p) is an increasing function.
Thus we can choose 7 arbitrarily close to /2 for rg close to 1. Therefore, (3)
holds in A(R,n), where n € (0,7/2) is fixed and R depends on . Then for
every ( € A(R,n) there is a & = ®(p) (not necessary one, because ¢ belongs
to many circles K,(rg)), where p is such that ( € K,(rg). Consequently, we
can choose such disk K,(rp) that ¢ lies on a radius which is orthogonal to

one of the sides of the sector A(R,n). Then sin (5 —n) = %W

Let us suppose that (¢ e*w) # 0, otherwise we can take { equal to center
c(ro) of K,(rg). Therefore

1 (ére(ce—z‘% - rc<ro>r>2 L

cos?n J(Ce=)

That is

R(¢e™") — le(ro)]
S (Ce )]

tany = lero)] = R(Ce ™) — tany|S(ne )],

2
Since |e(ro)| = pﬁ, we get p?rgle(ro)| + p(1 —r3) — |e(ro)| =0 and

B TR T
p_p(C)_\/4r§C(ro)|2+7“8+2’C(7“0)’ : s

where ry = sinn. This proves the Theorem 2 in the case n = 1.
Let now n > 2. After differentiating (2) with respect to z n — 1 times,
then multiplication by (1 4 pe~2)2, we get the expression

P eiG n— n P ei9 n—
o () =2t kY () (1= )
f'(pe®?) kg(pe'®)

and passing to the limit as p — 1— we conclude that it tends to zero
uniformly in {|z| < ro}.

Since
¥ P
0\ 14+pe—19z

k(o)

(1 _ zefie)(afl)
(1 + ze—i0)(a+1)’

= (1+pe2)?
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K 2+Pei9
o\ Thpe—10,

kg (pe?)
disk {|z] < ro}. Since

+pe’? o am
ké (ljrpepfwz> 1— ze 0\“ !
ky(pe?)  p—1— \ 1+ ze™®
locally uniformly in A, then
(n) +pet? 2\n—1
by () (L= )"
By (pe?)

then the function is bounded away from zero as p — 1— in the

; 1—ze ¥
_ (ol —i(n-1)0(, _ o - L e
pae (=2)" e (a—1)...(a—(n—1)) (1 " ze—w)

locally uniformly in A, and thus locally uniformly in the disk {|z| < 7¢}.
ké")( z+pei_(;0 )(l_pQ)n—l

1+pe= Wz
ky (pe?)

zero in the disk {|z| < ro} firstly for any natural number n, if « is not

natural, and, secondly, for every n such that n < a + 1, if « is natural.

Thus for above-stated n
F(C) Kylpe')
n(¢) f'(pe®) p—1-
uniformly in K,(rg). Next, similarly as in the case n = 1, from (4) we get
FQ) p-iv(Q) 5 uniformly in A(R,n) as R — 1—.

kg (€) p—1—
Theorem 2 has been proved. ]

Consequently, the function is bounded away from

We have now all necessary facts to give the answer to the following ques-
tion: what is a cardinality of the set of d.i.d. for the function f € U,,
a>17

It was proved in [3] that if f € U, then for all ¢ € [0;27) there exists
d(¢) such that for any circle (or straight line) I" orthogonal to OA at the
point e’ there holds

ey (LHIED™
7Ol e — ()

as & — e along I' and () does not depend on I'. This property is not
true for ko(2), if I' is not orthogonal to OA. It follows from Theorem 2 that
under assumptions concerning the curve I' this property is false not only for
the function ko but for arbitrary function f € U, (which have any d.i.d.)
either. Thus, if 6 is the d.i.d of the function f(z) then there exist two curves

I’y and T's in A such that |f/(z )|% — a’ as 2/ — ¢ along I'; and

|f'(2 ”)‘(}ﬂ‘jl)aﬂ — a as 2" — € along T's. And o # a”. Thus € is
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the point of indeterminacy of the function |f’(2)] g1+|z|)a+1 By Bagemihl

1—|z]|)>—1"
theorem (see [9]) the set of such points is at most cour‘ltgble. Therefore, the
set of d.i.d. of a function f € U,, is at most countable.

It is natural to ask whether it is possible to give an example of a function,
which has a given number of d.i.d. The following theorem gives the answer

to this question.

Theorem 3. 1) Let n be a fized integer number, n > 2 and 1 < o < 0.

Then a function
z

Gn,a(2) = /(1 — s")a_l ds € U,

0
and possesses exactly n d.i.d.
2) The function
z a—1
1-— exp(—ﬂ%—;z) 1
= ds e U,
ga2) /[ l—e ™ (1+s)? 5 & Ha

0

and the set of its d.i.d. is countable.
Remark 1. In the case n =1 kg € U, is a trivial example.

Remark 2. The similar result for directions of intensive growth is known
(see [13]), it has been established however not for all 1 < a < oc.

Proof. 1) Denote by €% one of the values of {/1. Then

. ; oy (L) (A=) ()t
A lgn,o el g— e | = i g e

=n2 12971 ¢ (1; 00).

Thus, if ord gn o = «, then all 8 € [0,27) will be d.i.d. of g, o and their
quantity is equal to n exactly (because e is a value of ¥/1).

Thus our aim is to prove that ord g, o = .

We prove firstly that

(5) ord gna < a.
Since the order of the family 9t is given by
_ 1P ()
ord 9 = sup sup |—z +
FeM zel 2 f(2)

it follows that in order to (5) it is sufficient to show that the inequality

1—|z2 gi(2)
2 gh(2)

=+
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is valid on each circle {z : |z| =7}, 0 <7 < 1, or equivalently
1—|z2(1— "
|z]* (1 — a)nz <alsl.

6 -2
(6) R e B

n

z
The function w = 1

-z

symmetric with respect to real axis. Hence, the function

— maps the circle {z : |z| = r} onto a circle

1— |22 (1 —a)nz"
—‘Z|2 + ‘ | ( )
2 1—2n
also maps {z : |z| = r} onto a circle symmetric with respect to real axis and
intersects it in the points

(I—a)n ™
An:—’l“z— 5 1+rn(1—7"2)

and
1—a)yn
2 1—rn

Let us find M,, the maximum of left-hand side of the inequality (6) on
any circle {z : |z| = r}. Since 0 < r < 1 and 1 < a < oo, then B, is
non-positive for all . Let us consider all possibilities of location of points
A, and B,:

a) If A, > —B,,, then M, = A,,. In this case we have

B, =-1*+ (1—172).

(o —1)n 1 (a—1)n
(1) —r*+ 5 1+Tn(1—r2)27'2+ 5 1_Tn(1—r2).
S @10
a—1)n r 9 a—1)n r 9
PRl Uik weei Gl

hence the condition (7) is not fulfilled. Thus the case a) does not hold.
b) If A,, < —B,, then M, = —B,,. This is true always.

So, M, = —B, = r* + w(l - 7"2)1f;n.

inequality (6) in the case n = 2.

We will obtain first our

2
1—1r2
That is ar? < ar. It is true for all r € [0;1). Thus the inequality (6) has
been proved for n = 2.

Now let n > 2. It is required to establish the inequality

M, = —By =14 (a — 1) (1—7?) = ar?.

(a=1)n ™

2 1—rm
To prove (8) it is sufficient to show that the sequence {—B,,} decreases.
We can write B, in the form

(8) M,=—-B,=1r>+ (1— 7“2) < ar.

(a—1)

_Bn:T2+ 2

(1 =r*)F(n),
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where F(x) =

x N
. Since

, (r* +zr®Inr)(1 —7%) + 2r®®Inr 751 —r® 4+ Inr®)
(1 —re)2 (1 —r=)2
then the sequence {—B,} decreases for any r € [0;1). Hence (5) is proved.
Here the strict inequality is impossible. For, if ord g, o« = a — € < a,
€ > 0, then by Theorem 1 there should be

. / 0 (1 + r)a_E—H
Tl_lgl_ lg'(re’ )’W

€ [1, o0,

the last limit actually is equal to

_ anya—1 a+l—e
lim (I—r")*H1+7)

r—1— (1 — 7’)0‘7176 =0

This is a contradiction. We have proved that ord g, o = . The case 1) has
been established.

2) We are going to prove that the function g,(2) is the limit of g;, , (2, a,)
for odd n tending to infinity, where

1 —sin

m
azn+1 = 27? +1 .

o1

Notice that a, € A, because

4 K
—singhy _ [losinghy
a2n+1 = 1+ 5= <1
\/1—sin® 57 S 50 A

By Theorem 2 from [9] all d.i.d. of the function g1, (2) will be trans-
formed into any d.i.d. of the function gon41,4(2,a2n+1) by the conformal

: ztazn41 : :
automorphism 7 T of the unit disk.

/ z+a2n+1
92n+1,0 14+aon+12

gén-ﬁ-l,a (a2n+1)(1 + azn412)?

gén-{—l,a (Zv a2n+1) =

a—1
1 _ 2+a2n+1 nt1
N 1+aon+12 1
1— a3ty (1 + agn412)?

We obtain now the function g,(z). We calculate the limit

1—exp(— >> L,

nh—{go gém_l,a(z, agn41) = < 1 — e (1+2)2
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a—1
/ 1—eXp 7r1+s) 1 s
l—e™ (1+s)2
0

Let us prove that go(2) € U,. By the formula (1) the sequence of func-
tions gb,, +17a(z, a2n+1) is uniformly bounded and it converges for all z € A.
Then by Vitali theorem g¢,/(2) is a uniform limit. And g,(2) € U, since U,
is compact in the topology of uniform convergence.

We prove that the set of d.i.d. of the function g,(z) is countable. The
numerator in the brackets (in the expression of the function g,(z)) vanishes
in the points ifg’gz, k € Z. We shall prove that each 0, = arg i’L%]]z;, keZ
is d.i.d. of the function g,(z). For this purpose we shall calculate the limit

It gives

+1 a—1 2 \a—1 T a—1
. o gy (L)Y AT (1 + 4k%) | e .
Tl_lgl_ |:ga(7“€ )‘ (1 o T)O‘fl - ‘1 + €i9k|2 em™ — 1 € (1a 00)7
because of
1—reifk 1—2ki—r(1+2ki) .
) ‘1 — exp(—w 1+:zi9k ) ’ ) ‘1 — exXp (—Wm + 2]‘6‘7”) )
lim = lim
r—1— 1—r r—1— 1—r
(1+4Kk2)(1—7)
. ‘”1 SEitr(i12k) T o(1 - T)‘
= lim
r—1— 1—7r
(1 + 4k?)
D —
Thus all 6, are d.i.d. of g4(z). The theorem has been proved. O

Our further purpose is to find a relationship between U, (d) for various
6. Next two theorems assert that it is possible to construct a function
f(2) € Uq(01) (for given d7) using the given function f(z) € Uy (d2) if certain
conditions are satisfied.

Theorem 4. If f € Uy(dp) and oy € (1,00), then for all § € (1,d0] there
exists a € A such that the function

f(lzj_ﬁaz) - f(a)

f(a)(1 = lal?)

f('z?a) =

belongs to Uy (9).
Proof. For all ¢ € [0;27) there exists the limit

(1+ T)O‘+1

lim |17/ =y | = 0(6)

r—1—
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Let us fix ¢. Denote z = fflai;(im |z| = R(r). For such z we will consider
the limit
[, C(L+R@))HT (&5 (1 + Ryt
lim ||f'(z,a)|——=———| = lim —
T (=R~ | [F@I+ asf (- R

=006 1 [iiree] - L w

_ Olp) |1 —aee
|f'(a)] (1 — [af?)ot1
> lim {m(R(r)vf’(zya))

T R(r)—1—

(14 R+
- R(r»a-l} =0

Put ¢ equal to @9 — d.m.d. of the function f(z) and a = pe’?°. Then
d(p) = do and
Sn(l = 200 Sa(l = a—1
) LG S ¢ Sl ) S N
[f"(a)|(1 = p?)* [/ (per#0)|(1 + p)*

For the fixed a = pe’#° there exists @1 € [0;27) — d.m.d. of the function
f(z,a) such that

. a+1
Jq = lim [\f’(re“"%aﬂgt:;a—l]

r—l—
P14
[ rGEEE) e
1= || f(a)||]1 +areter |2 (1 —r)a-l

If we denote Ry (r)e (") = fjg};ﬁ , where v;(r) is a real function, then we
obtain

o [ FE) -
b2 i [ P (e

B do 1—la? \*7
(@)1 +@eter 2o \ |1 + aeter |2

_ _Go(t —laf)*!
 f(a)l[L + aeter e
50(1 _ p2)a—1 50(1 _ p)a—l

@I+ p)2e (@)1 + p)ett

Therefore, putting a = pe#?, from (9) we get

do(1 = p)*"
[/ (pete0)| (1 + p)att”

0g =
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Since |f’ (peiwo)|% is a non-decreasing function of p € (0;1), there
exists p at which it takes the value §, € (1;9p]. The theorem has been

proved. [l

Theorem 5. If f € Uy (d0), 6o € (1,00), a > 1 and there exists an interval
(a',2") C [0;27) which does not contain d.m.d. of the function f(z), then
for any 6 € (1;00) there exists a number a € A such that f(z,a) € Uy (0).

Proof. Let n > 0 be such that 2’ +n = 21 < o = 2" — 7. By Privalov
theorem of uniqueness (see [6]) there does not exist such K > 0 that |f/(z)|-
(1—12[)*™ > K in the sector {z : 2 € A, 21 < argz < z2}. Therefore there
exists a sequence a,, = p,en, 0, € (x1,22), 0, — Op € [x1, 1], pp — 1

n—oo
such that |f'(a,)| = (1—5#’

Let us denote by ¢, — d.i.d. f(z,a,);

where K,, —— 0.
n—oo

re'¥ + ay,

— . iy (r)
1+ areien Bn(r) -e ’

Yn(r) is a real function;

o .
N N (P Es
¢ Trmee On - Hm (e el e |
1
def . ey (LT
0t 17 eI

We will find a connection between §;; and dy,:

P g TG PaiITMCES. Tl M
" TP @It @t (= Ra(r)o!

g T T

a—1
lim MW)
r—1— 1—7r

r—1— | |f(an)||1 + apreten|? (1 —r)o—1 r—1—

S 1— a2 \*"
TPl + apeten]? (Il +anew”|2)
. O (1 — pi)ail
@)1+ agpeten |2
B 5n‘1 —Pnei(”’”_e”)lza _ 5n|1 _ pnei(%—en)|2a
a | f'(@n)|(1 = p3 )+t a Kp(14 pp)ott
because of

< 00,

e — ay, _ 1—p2
1 —apem 1 — ppeilin=tn)

1+a,e% =1+a, -

From the sequence {a,} it is possible to choose the subsequence such
that corresponding subsequences {6, } and {d}} will be convergent. Let us
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denote them as the initial sequences. Then
‘ i} ‘ 1= pnez’(’ynfén)‘Qa ‘ ' 11— pnem|2a

= . > . L S 2
A O = lim on - i e e Sarr 2 i o i e e

because 7, is d.i.d. of the function f(z) by Theorem 2 in [3] (see also [4])

and, therefore, v, ¢ (2/,2"). Since K,, —— 0, then §;; —— oc.
n—oo n—oo

Thus for any number § € (1; 00) we can find n such that 6 > §. Then (by
Theorem 4) for the function f, = f(z,an) € Uy (9};) there exists a number
a € A such that f,(z,a) € Uy (0). The theorem has been proved. O

To establish the relationship between classes Uy, (d) we will need the fol-
lowing theorem.

Theorem 6. For any function f € Us(do), do € [1;00] and for any function
0*(N), X € (0;1) with values in [0g;00] there exists a family of functions
U € Ua(6%(N)) such that ¥x(z) — f(z) locally uniformly in A as X — 0.

Proof. It was shown in [10] that if fi(z2) € Un, f € U, and
Yh(2) = (F(2))1 A4 (2))?, then for any A € (0;1) functions ) (2) € Us.

For all A € (0;1) we select a function f), satisfying the following condi-
tions:

1) d.m.d. of the function fy(z) is equal to d.m.d. of the function f(z).
We can achieve it by rotation e~ f(ze?);

2) fx € Ua(0(N)), where

for A € (0;1). Such a function exists, because Uy (6(A)) # 0. It follows from
Theorem 5 and example of the function kg. In the case of §(\) = oo we can
take the function fy(z) = z.

With such choices of functions fy(z), A € (0;1) we have that

da € UG- 6NN) = U (V).
We prove that ¢ (2) BN f(2) locally uniformly in A. Indeed, taking

into account (1) we get that f’(z) and f}(z) are bounded away from zero in

A. Therefore
ROV
7z)) 3o
locally uniformly in A. Hence

7N\ A
w'A:f’-<fA) Y

f! A—=0
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locally uniformly in A. It means that for any £ > 0 there exists a number
N € (0;1) such that as A < N, |¢}(2) — f/(z)| < € for any z € K, where K
is a compact subset of A. Then for any e; > 0 as A < N for any z € K

z
in(z) = 1) = | [ ()~ wh(s)) ds| < = Cc =,
0
because of |z| < Ck for z € K. Therefore, 15(z) Sy f(2) uniformly in
K C A, that is locally uniformly in A. The theorem has been proved in all
cases. g

If we put §*(\) =0 € [dp, oc] in Theorem 6, we get

Corollary. For any function f € Uy(do), do € [1,00] and 6 € [dg, 00] there
is a family of functions ¥\ € Uy(d), A € (0;1) such that ¥y(z) — f(z)
locally uniformly in A as X — 0.

Let us notice that the requirement of § € [dg, 00| is essential. Namely for
d € (1;0p) and any function f(z) € U, (Jdp) there is no sequence of functions
fn € Uy (9) such that f,, —— f(2) locally uniformly in A.

Indeed, assume that there is this such a sequence f,. The function

a+1
m(r, f') 8:7:30:1 is non-decreasing with respect to r € (0;1). Hence there is

ro € (0;1) such that

1 ot 6o — 6
% > 50 _ 0 i
(1 —7p)® 1 3
It follows from the uniform convergence of f,,(z) that it is possible to choose
€ > 0 and a natural n such that

m(ro, f')

5(1 + To)a'H < 0p— 0
(1 — 7‘0)0‘_1 3

m(ro, f,) = m(ro, f)] < e,

Then
N ’ (1 + 7"0)O‘+1 (1 + ’l“())ozJrl )
|m(r0, fn) m(’l"o, f )| (1 — 7“0)0‘_1 < 8(1 — To)a_l 3
therefore,
, (1 + To)a+1 , (1 + T’())a+1 o — 50
m(r()? fn) (1 — T())a_l > m(T'(), f )(1 — T'())a_l 3
2 2 1
o+ =(0 —dg) = =0 + =4
> 0p + 3( 0) 3 + 3 0
2 1
-0+=0=90
73073079

which contradicts to f,, € Uy (9).
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Therefore, it follows that classes U, (d) extend with increase of J, as if
91 < 02 then we can approximate functions from class U,(d1) by functions
from U, (d2) and it is impossible to do so in the opposite direction.

[

(9]
(10]

(1]
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(13]
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