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ABSTRACT. In the present paper, we apply methods based on differential
subordinations and superordinations in order to derive several subordination
results for multivalent functions involving the Hadamard product.

1. Introduction and motivations. Let H = H(A) be the space of all
analytic functions in the open unit disk A := {z : |z] < 1}. For a € C, let
Hla, n] be the subclass of H consisting of functions of the form

f(z) =a+apnz" + apnp1 2" 4

Let A, denote the class of all analytic and p-valent functions f of the form

oo
(1.1) f)=2"+ ) anz" (z€A),
n=p+1
and A = Ay, where p € N:={1,2,3,...}.
For any two analytic functions, f given by (1.1) and g given by

oo
g(z) =2 + Z bp2",
n=p+1
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their Hadamard product (or convolution) is the function f * g defined by

(f*g _Zp+ Z apbp 2"
n=p+1
For various choices of g we get different operators; for example,
(1) For

n

2) =P+ Z c()n—p 2

—p+1 -p- (5m)n—p (n—p)’
we get the Dziok—Srivastava operator
A(O[l, Qg,...,0[ 517/827 cee 75’”’“ Z)f(Z) = Hﬁmf(Z) = (f * g)(2)7

introduced by Dziok and Srivastava [7]; where aj,aq,...,q, 01,

B2,...,0m are complex parameters, 3; ¢ {0,—1,-2,...} for j =

1,2,....,m, I <m+1,1,m € NU{0}. Here (a), denotes the well-

known Pochhammer symbol (or shifted factorial).
(2) For

9(2) = ¢pla,c, z) == 2P + Z (@) 2" (c#0,—1,-2,--),

we get the p-valent Carlson—Shaffer operator Ly(a,c)f(z) = (f *
g)(2). The operator

L(a,0)f(z) = Li(a,c)f(z) = zF(a,1;¢; 2) * f(2)

was introduced by Carlson—Shaffer [4] where F'(a,b; ¢; z) is the Gauss-
ian hypergeometric function.
(3) For g(z) = # (A > —p), we obtain the p-valent Ruscheweyh
operator defined by

D/\-i-p—lf( )= (fxg)(z) = 2° + i <)\+n_1)an2n-

n=p+1

The operator DMP~1f : A, — A, was introduced by Patel and

Cho [12]. In particular, D*f : A — A for p = 1 and A > —1 was

introduced by Ruschweyh [14].
(4) For

we get the the p-valent Salagean operator D;; f(z): A, — A, intro-
duced by Shenan et al. [22]. In particular, the differential operator
DF = DF was initially studied by Salagean [15].
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oo A k
g(z) = 2P + Z n<n+ ) 2" (A>0; keZ),

we obtain the multiplier transformation I,(\, k) == (f * g)(2) intro-
duced by Ravichandran et al. [13]. In particular, I(\, k) = I1(\ k)
was studied by Cho and Kim [5] and Cho and Srivastava [6].

(6) For

g(z) = 27 + i (”“)Zﬂ A>0 keZ),

we get multiplier transformation J,(\, k) :== (f*g)(z). In particular
J(A\ k) = Ji(\ k) was introduced by Cho and Srivastava [6].

With a view to recalling the principle of subordination between analytic
functions, let the functions f and ¢ be analytic in A. Then we say that
f is subordinate to g, or g is superordinate to f, if there exists a Schwarz
function w, analytic in A with

w(0)=0 and |w(2)]<1 (z€A),
such that

f(z) = g(w(2)) (z€A).
We denote this subordination by

f=g or [f(z) <g(z) (z€4).

In particular, if the function g is univalent in A, the above subordination is
equivalent to

f(0) =g(0) and f(A) C g(A).
Let ¢, h € H and let ¢(r,s,t;2) : C3> x A — C. If p and
d((2), 29" (2), 229" (2); z) are univalent and if 1/ satisfies the second order
superordination

(1.2) h(z) < d(¥(2), 20 (2), 229" (2); 2),

then 1) is a solution of the differential superordination (1.2). An analytic
function ¢ is called a subordinant if ¢ < 1 for all ¢ satisfying (1.2). An
univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is
said to be the best subordinant. Recently Miller and Mocanu [9] obtained
conditions on h, ¢ and ¢ for which the following implication holds:

h(z) < d(¥(2), 20 (2), 229" (2); 2) = a(2) < Y(2).

Using the results of Miller and Mocanu [9], Bulboaca [3] considered cer-
tain classes of first order differential superordinations as well as superordi-
nation-preserving integral operators [2]. Shanmugam et al. [17] obtained
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sufficient conditions for normalized analytic functions f which satisfy

1) < s < ()

and
21(2)
q1(z) < < q2(2),
{f(x)y
where ¢; and g9 are given univalent functions in A with ¢;(0) = 1 and
¢2(0) = 1. On the other hand, Obradovi¢ and Owa [11] obtained sub-

)"

ordination results for the quantity ( . A detailed investigation of

starlike functions of complex order and convex functions of complex order
using Briot—Bouquet differential subordination technique has been studied
recently by Srivastava and Lashin [24].

In an earlier investigation, a sequence of results using differential subor-
dination with convolution for the univalent case has been studied by Shan-
mugam [16]. A systematic study of the subordination and superordination
using certain operators under the univalent case has been also studied by
Shanmugam et al. [18, 19, 20]. We observe that for the multivalent case,
many of the results for the operators in (1) to (6) for the multivalent case
have not yet been studied.

The main object of the present sequel to the aforementioned works is to
apply the methods based on the differential subordination and superordina-
tion in order to derive several subordination results for the multivalent func-
tions involving the Hadamard product. Furthermore, as special cases, we
also obtain corresponding results of Obradovié¢ and Owa [11], Shanmugam
et al. [17], Singh [23].

In order to investigate our subordination and superordination results, we
make use of the following known results.

Definition 1 ([9, Definition 2, p. 817]). Denote by Q, the set of all func-
tions f that are analytic and injective on A\ E(f), where

B(f) = {¢ € oA+ lim f(z) = oo}
and are such that f'(¢) # 0 for ¢ € 9A — E(f).

Theorem A ([8, Theorem 3.4h, p. 132]). Let q be an univalent function in
A and let 6 and ¢ be analytic in a domain D containing q(A) with ¢(w) # 0
when w € (D). Set Q(z) = 2q'(x)8(a(2)), h(z) = 0 (a(2)) + Qz). Suppose
that

(1) Q is starlike univalent in A, and

W)\ o (Pl QY
(2)%(Q(z)>%<¢(q(z))+ Q(Z)>>0f llzeA.
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If o is analytic in A, with 1 (0) = ¢(0), Y (A) C D and
0 (¥(2)) + 29 (2)p(1(2)) < 0 (a(2)) + 24’ (2)(q(2)),
then ¥ (2) < q(z) and q is the best dominant.

Theorem B ([3]). Let the function q be univalent in the unit disk A and ¥
and ¢ be analytic in a domain D containing q(A). Suppose that

V' (q(2))

(1) 8‘6[ (a(z ))} >0 forall z € A,
(2) Q(z)= z¢'(2)p(q(z)) is starlike univalent in A.

If ¥ € H[q(0),1] N Q, with ¥(A) C D, and (¢(2)) + 29 (2)p(¥(2)) is

univalent in A, and

(1L3)  0(a=) + 20 (ela() < 0 (B()) + 20 ()e((2)),

then q(z) < ¥ (z) and q is the best subordinant.

2. Main results. We now prove the following result involving differential
subordination between analytic functions.

Theorem 1. Let the function q be analytic with q(0) = 1 and univalent in
A such that q(z) # 0. Let z € A, «, 0, &, 11, 01, 02, I3 € C and suppose at
least one of 41,02, 03 € C is non-zero. Suppose q satisfies

2(2) + 204%(2)
" <”<61q 2, >+52q<z +63>
52q ) + 26, ()
014> +52q )+53)+ q’(z)>>0

(2.1)

and

T (N = W

¢(z)  alz) \01¢°(2) + 02q(2) + 03
Let
\Ij(fvgvﬂagaﬁ757’71,51,53) ::a+£{(];*zg£_/(12)}“
(f*g)'(2) (Fx9) () 7"
(2.3) { pzP~! } +71{ pzp—1 }

o[ s o] {m e {5552}

o] (420
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for some p € C\ {0}. If f € A, and g € A, satisfies the subordination

\Ij(fagnuaga& '71a51,53) <« —{—gq(z) + 5((](2))2 + %

(2.4) / ’
/ 2q'(2) 2q'(2)
PO G g
then
xq) (2)\ "
(2.5) <(fngp)(1 )) < q(?)

and q is the best dominant.

Proof. Define the function 1 by

_ (([x9)' (=) \"
(2.6) W(z) = < e >
so that, by a straightforward computation, we have
2'(2) _ [a(fx9)"(2)
27 i e
Using (2.6) and (2.7) in (2.3) and (2.4), we obtain
s M s s 2 ()
0+ E0() + 8P + ST+ () + B T 6 T
2 M5 2¢'(2) 2¢'(2)
<a+&q(z)+6(q(2)” + ) +012q'(2) + 62 e + 93 W)
By setting
M gy | 03

O(w) = + €w + dw’ + and  ¢(w)=d1+—+ 3

w
we obtain
0(v(2)) + 20/ (2)$(1h(2)) < 0(q(2)) + 2q'(2)$(a(2)).
It can be easily observed that § and ¢ are analytic in C\ {0} and that
Ppw) #0 (weC\{0}).
Also, by letting

28) Q) = 2d()o(()) = 124/ (2) + 8L 4 5, 20 C)

q(2) (q(2))?
and
h(z) = 0(q(2)) + Q(z)
=« z )24 L
(2.9) =a+&q(z) +0(q(2)” + )
) z2q'(2) 2q'(2)
+012¢'(2) + 62 02) + 03 ()2
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we find from (2.2) that @ is starlike univalent in A and that

*(a) - v+ Caaream )

24 (2) 02q(z) + 203 2q"(2)
4() {51q2(2) +02q(2) +63} e } -0

(z € A a, 0, &, 71, 01,02, 63 € C) by the hypothesis (2.1) and (2.2). The
assertion (2.5) now follows by an application of Theorem A. O

Remark 1. For the choices p = 1, g(2) = 1%, { = —§, 0 = 62 = 03 =
Az (bt

= = 1 _

71 07 q(Z) + k 0 1_’_%75

corresponding result obtained by Singh [23, Theorem 1 (ii), p. 571]

dt and 41 = —1, in Theorem 1, we get the

_Z
1—27

1 =0,u0=-1gqg(z) =1+ ﬁz and 91 = 1, in Theorem 1, we get the

Remark 2. For the choices p = 1, g(z) = a=—a, =0 =093 =

corresponding result obtained by Singh [23, Theorem 2 (ii), p. 572]

For a special case when p = 1, g(2) = %3, q(2) = ﬁ (b e C\{0}),

525271:51:53:O,u:azland52:%, Theorem 1 reduces to the
following known result obtained by Srivastava and Lashin [24].

Corollary 1. Let b be a non zero complex number. If f € A satisfies

2f"(2) 1+ 2z
g [ <
then
7)< gy
(1—2)%
and ﬁ is the best dominant.

Theorem 2. Let q be analytic with ¢(0) = 1 and univalent in A such that
q(z) #0. Let z € A, a, 6, &, 71, 01,02, 93 € C and suppose at least one of
01,02, 03 is non—zero. Let q satisfies (2.1) and (2.2). Let

Uy (f, g, 11, B,0,71,01,03) == a + & [(f*zgg(z)]“
o[22 o ()

(2.10)

)
(g 2) 5 (75) 4]

-1 (432
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If f € A, and g € A, satisfies the subordination

U (f, g, 112071, 61, 03) < &+ £9(2) + 6(q(2))% + %
(2.11) ) 2q'(2) 2q'(2)
+ 012¢'(2) + 62 o

o) PG
for some p € C\ {0}, then

(2.12) <(f*g)(z)>u < q(z)

2P
and q is the best dominant.

Proof. Let the function v be defined by

*g)(2)\"
(2.13) ¥(2) = <(f,ja>()> '
Evidently,
2 (2)  [2(fxg)(2)
(2.14) NORE [ (F*9)(2) p}
In view of (2.13) and (2.14), it follows from (2.10) and (2.11),
2, N 2 (2 ) ade
a+&P(z) +6((2)) er(z) + 0129 (2) + 62 o) +53(¢(z))2
R W) . ()
< a+&q(z) +6(q(2)) +q(z) + 612¢ (2 )+62 402) +53(q(2))2.

Letting 6 and ¢ as defined in Theorem 1 and following the steps of Theo-
rem 1, the assertions (2.1) and (2.2), the result follows by an application of
Theorem A. O

Remark 3. For the choices

p=1, 9(e) = blaciz) = Y1, oy =0y = =
n=0 n

Theorem 1 coincides with the result obtained by Shanmugam et al. [20].

Remark 4. For the choices

[e'e) )\ k
p=1 g =2+ Y (FE1) 1 0205 k), n=d ==
n=2

1+ A
Theorem 1 reduces to the result obtained by Shanmugam et al. [18].

Remark 5. For the choices

(&3] 10&2)71...(04),1
p= o) = o) bt o gy =gy —0
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Theorem 1 coincides with the corresponding result obtained by Murugusun-
daramoorthy and Magesh [10].

For a special case p = 1, q(z) = e#4?, with |pA| < 7, Theorem 1 readily
yields the following.

Corollary 2. Assume that (2.1) holds. If f € A, and
Ui (f, g gy & 6,1, 61, 0, 03) < o + el 4 547 - ype7 i
+ 612Ape" Y + S Apz + 5 ApzetA?
(z € A; «, 0, &, 71, 01,02, 03 € C; 53 # 0) where Y1(f, g, 1,&,9,71,01,03) is
as defined in (2.10), then

<(f*zg)(z)>ﬂ<e/“4z (€8, 2#0; peC, p#0)

e,qu

and 1s the best dominant.

Remark 6. Takingp =1, g(2) = %5, 0= =1 =0 =08 =0, a = 1,
09 = % in Corollary 2, we get the result obtained by Obradovié¢ and Owa [11].

For a special case when p = 1, g(2) = %3, q(2) = m (b e C\{0}),
(5:§:71:(51:53:O,u:a:1and(52:%,Theoremlreducesat
once to the following known result obtained by Srivastava and Lashin [24].

Corollary 3. Let b be a non-zero complex number. If f € A satisfies

1[zf'(2) 1+z2
v e ) s

z 1
f(z) RRTEESED

and ﬁ is the best dominant.

then

Tf we put p = 1, g(2) = 125, q(2) = (14 B2)"F, 6 = ==y = & =

03 =0, a =1, §o = i in Theorem 1, we get the following known result
obtained by Obradovi¢ and Owa [11].

Corollary 4. Let —1 < B < A< 1. Let u, A, B satisfy the relation either
’@—1‘ <1 07"@—1—1‘ < 1. If f € A satisfies

z2f'(z) 1+ Az
f(z) = 1+ Bz’
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wA=B) .
and (1+ Bz) B is the best dominant.

For the next four theorems, we assume that Q(z) = z¢'(2)#(q(z)), where
¢ is analytic in C\ {0}. Next, by appealing to Theorem B we prove two
superordination results in Theorem 3 and Theorem 4.

Theorem 3. Let q be analytic and univalent in A such that q(z) # 0. Let
z €A, 0, 1, 01, 02, 03 € C and p € C\{0}. Suppose that q satisfies (2.2)

and
3 2 _
(2.15) R [25(12(2)) +&0°(2) —m
(51(] (Z) + (52q(z) + (53
If f € Ap, Y(f, g, i1, &, 0, M1, 01, 62, 03) defined by (2.3) is univalent in A,
and (M)” € H[q(0),1] N Q satisfy the subordination

> 0.

L, A, ()
a+&q(z) +6(q(2))* + ( ] + 012¢'(2) + 02 ) + 43 0(2))?
= \Ij(fv g, W, 5, 55 1, 517 62’ 63)7
then
(2.16) q(2) < (W)

and q is the best subordinant.

Proof. Defining ¢ by (2.6) and following the steps of the proof of Theo-
rem 1, we have

N L sz 2q'(2) | o 2d(2)
@+ €9() + 802 + 0+ e (2) + 87 5+ e s
m s 2 (2) 2’ (2)
<a+&(2) + 6(¥(2))? +¢< )+(51 Y'(2) + 02 o) +63(¢(Z))2
Setting
52 53

I(w) ::a+§w+5w2+% and  p(w) =0 + —+ —
we observe that ¥ and ¢ are analytic in C \ {0} and that
pw) £0 in C\{0}.
It follows that
9 (q(2)) + 24/ (2)(q(2)) < 9 (¥(2)) + 20 (2)0(¥(2)).

In view of the given conditions (2.15) and (2.2) and since ¢ is univalent, it is
routine to show that (1) and (2) of Theorem B are satisfied. The assertion
(2.16) follows by an application of Theorem B. O
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Theorem 4. Let q be analytic and univalent in A such that q(z) # 0. Let
z €A, 6, & 7, 01,02, 03 € Cand p € C\ {0}. Suppose that q satisfies

(2.15). If f € A,,
((”’)“) e Hlg(0).1] N 2,

P
and V1(f, g, p, &, 6, 71, 01, d2, 93) defined by (2.10) is univalent in A, then

no, 2q(2) , 5 2d(2)
a+Eq(2) 4+ 6(q(2))* + oz )+51 q(z) + 62 0) +63<q(z))2
< \Ill(f7 g, K, 67 57 Y1, 517 527 53)
implies
(2.17) a(z) < ((f*;;)(@)“

and q is the best subordinant.

Proof. Let the function ¢ be defined by (2.13). By setting

7 ]

4
ﬂ(w)::a—i—{w—i—éwg—i—; and  p(w) =0 + 2+ 3

it is easily observed that the functions ¥ and ¢ are analytic in C \ {0} and
that

p(w) #0, (weC\{0}).
The assertion (2.17) follows by an application of Theorem B. O

Combining the results of differential subordination in Theorem 1 and
superordination in Theorem 3, we state the following “sandwich” result.

Theorem 5. Let q1 and qo be univalent in A such that q1(z) # 0 and

q2(2z) # 0. Suppose q1 and qo satisfy respectively, (2.2), (2.15) and (2.1),
(2.2). Let z € A, §,&, m,061,02,03 € Cand p € C\{0}. If f € A,

(C512)" € HIa(0), 11N Q and W(F, g, i & 5, . 61, 52, 85) defined by
(2.3) is univalent in A, then

0+ €0 (2)+ 5@ () + s+ i () + b qu'f ;

< U(f, g, s & 6, 71, 01, 02, 03)

< a+E&ga(2) + 0(ga(2))”

+ 03

2q5(2)

/(Z) + J9

Y1
q2(2)

) < (L) <)

zp—1

implies

and q1 and qo are respectively the best subordinant and best dominant.
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Finally, combining Theorem 2 and Theorem 4 we obtain the following
sandwich theorem.

Theorem 6. Let q1 and qo be univalent in A such that q1(z) # 0 and
q2(z) # 0. Suppose q1 satisfy (2.2) and (2.15), and g2 satisfy (2.1) and
(22) Let z € Av 55 ga 1, 517 625 53 € C and JUS C \ {0} Iff € Ap7

xg)(2) \*
(7” 9)( )> € H[q(0),1] N Q and Vi(f, g, p1, &, 6, 71, 61, d2, 03) defined by

zP

(2.10) is univalent in A, then

2_+ 71

a+&qi(2) +6(q1(2)) el 851241 (2) + 62 qulll((;))

< \Ijl(f7 g, K, 57 67 71, 517 527 53)

2 Y1
+
Q2(Z)

o) < (T2 <o

z

+ 03

2qs(%)

32(?)

< a+8q(2) +(q2(2)) + 012q5(2) + 02

implies

and q1 and qo are respectively the best subordinant and best dominant.
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