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ABSTRACT. Suppose that X, Xa,... is some stationary zero mean Gaussian
sequence with unit variance. Let {k,} be a certain nondecreasing sequence
of positive integers, M) denote the knth largest maximum of Xi,..., X,.
We aim at proving the almost sure central limit theorems for the suitably

normalized sequence {Mr(bk”)} under certain additional assumptions on {k, }

and the covariance function r(t) := Cov (X1, X14¢).

1. Introduction. The almost sure central limit theorem (ASCLT) has be-
come an intensively studied subject in recent time. In the research concern-
ing the ASCLT the following property is investigated. Let X, Xo,... be
some r.v.’s, f1, fo,..., fx,... denote some real-valued measurable functions,
defined on R, R2,...,R* ..., respectively. We seek conditions under which,
for some nondegenerate d.f. G,

2000 Mathematics Subject Classification. Primary 60F15; Secondary 60F05.
Key words and phrases. Almost sure central limit theorem, k,th largest maxima, sta-
tionary Gaussian sequences, Normal Comparison Lemma.



64 M. Dudzinski

for all © € C¢, where: {d,} is some sequence of weights, Dy = 27]1\121 dy,
I stands for the indicator function, and Cg denotes the set of continuity
points of G.

In our investigations, we will restrict ourselves to the case, when the
relation above holds with: d, = 1/n, Dy ~ logN, f,(X1,...,X,) =

(n ( Mékn) — bn>, where: {k,} is a certain nondecreasing sequence of posi-

(kn)

tive integers, M, "’ denotes the k,th largest maximum of Xy,..., X,, and
an > 0, b, are certain normalizing constants.

Let @ be the standard normal d.f. The purpose of this paper is to prove
that if X1, Xo,... is a standardized stationary Gaussian sequence, then,
under some assumptions on the numerical sequences {k;,}, {u,} and the
covariance function r(t) := Cov (X1, X14¢), we have for some 7, 0 < 7 < o0,

N
1 1
- (kn) « —
(1) J\}g%olog]\f E I(Mn < un> O (1) as.

As a direct consequence, we Wlll also show that if:

a:(“%W%OW
2) ’ b |
b, = (2log (n/kn))"/? — loglog (n/ky) + log 4w

2 (2log (n/kn))"/?
then the following strong convergence occurs for all z € R
1 1
(3) J\}gnoologN Z —I (an (Mék”) — bn) < x) =®(z) as.

In the case, when k, = k, where k is a fixed positive integer, we will show
that, under certain conditions on {u,} and r (),

k=1 g

1 L1 &
@ A e 2 (M) < un) = e 2 e

for some 7, 0 < 7 < 0.
As a direct consequence, we will also show that if:

loglogn + log 47
2 (2log n)l/2

then the following strong convergence occurs for all x € R

(e
—x
(6) ]\}gnoolOgN Z ( ( -0 ) )—exp (- );)s' s
We should mention here that, in the case of i.i.d. r.v.’s, the ASCLT for the
(kn)

order statistics M,

(5) an = (2logn)/? | b, = (2logn)"/? —

has been proved in Stadtmueller [4], under some extra
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assumptions on {k,}. It is also worthwhile to mention that the ASCLT for

the ordinary maxima M, = MS) = max (X1,...,X,) of some dependent
stationary Gaussian sequences has been proved in Csaki and Gonchigdanzan
[1] and Dudzinski [2].
The following notations will be used throughout the paper:

M,(Lk”) — the k,th largest maximum of Xi,..., Xy; M,(TIZ?L) — the k,th largest
maximum among X, 41, ..., Xn; 7 (t) == Cov (X1, X14¢); ® — the standard
normal d.f.; #A — the cardinality of the set A; |x| — an absolute value of z;
[x] — the greatest integer less than or equal to x. Furthermore, f (n) < g(n)
and f(n) ~ g (n) will stand for f(n) = O(g(n)) and f(n)/g(n) — 1, as

n — 00, respectively.

2. Main results. Our main results are the ASCLT's for certain order sta-
tistics of some stationary Gaussian sequences. The first one can be formu-
lated as follows.

Theorem 1. Let X1, Xo,... be a stationary zero mean Gaussian sequence
with unit variance and {k,} denote a mondecreasing sequence of positive
integers, which satisfies:

(7) kp — 00 as n — oo,
(8) log kn, < (logn)'™  for some a > 0,

(9)  there exzists a number f > 1, such that the sequence {(log n)/kﬁ}
is nondecreasing for all sufficiently large n.

Assume in addition that the covariance function r(t) = Cov (X1, X14+¢)
fulfils the following condition

o0

1 L
(10) Z Ir ()] < PRy Y for some ( satisfying (9).
= [n/44] "

Then:
(i) if the numerical sequence {uy,} satisfies:

(11) n(l—@ (up)) @ (uy) = 00 asn — oo,

kp —n(1— @ (uy))

12

B e ) B )
then relation (1) holds,

(ii) if the sequences {an}, {bn} are such as in (2), then relation (3) holds
for all x € R.

— 71 for someT, 0 < T <00, asn — oo,

Our next main result is the ASCLT for the kth largest maxima. Here it is.
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Theorem 2. Let X1, Xo,... be a stationary zero mean Gaussian sequence
with unit variance and k denote a fixed positive integer. Assume more-
over that the covariance function r(t) == Cov (X1, X14+) fulfils the following
condition

. 1
(13) S W< e Jor some 5> 1.
t:[nl/kﬂ]

Then:
(i) if the numerical sequence {u,} satisfies

(14) n(l—®(uy)) =7 for somer, 0 <7 <00, asn — oo,

then relation (4) holds,
(ii) if the sequences {an}, {bn} are such as in (5), then relation (6) holds
for all x € R.

3. Auxiliary results. In this section, we state and prove three lemmas,
which will be used in the proofs of Theorems 1, 2.

Lemma 1. Under the assumptions of Theorem 1, we have that if m, n
satisfy m < n/k, — 1, then

kn,m

(15) E ’I (M,Sk") < un) —1I (MTS—’Z%) < un> < % +

n—ky
for some v > 0.

Proof. We have
E )I (M,(fﬂ < un> I (M(k") < un>

16) = [P (M) <) = P (Mll) < )|

It is clear that P(Mr(Lkn) < Un) = P(at most k,—1 of Xy,..., X, exceed uy,).
Similarly, P(M,(,fff}g < un) = P(at most k,—1 of X;,41,..., X, exceed uy).

For the given m, n, we put:

(17) > = > :

(A1,A2) (A1,A2):
AIUAQZ{]'?"'an}v #Algkn_lv AQZ{]'»"'?TL}\AI

D Y >

(B1,B2) (B1,B2):
BluBQZ{m%»l,.‘.,n}, #B1<kn—1, Bg:{m+1,...,n}\Bl
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Hence, by applying (16) and the notations in (17), (18),

E ‘I (Mycn) < un> .y (M(k") < un)}

m,n —

SIS () w0 () <o)

(A1,42) ap€A1L as€As
o Z P ﬂ {Xbp > u”} N ﬂ {sz < uTL}
(B1,B2) bpE€BI1 bs€B>

Thus, we can write that

E ‘I (M}ﬁn) < un) 1 (M,Sﬁ’,;) < un)

< Z P ﬂ {Xap > un} N m {Xa, < un}

(Al,AQ) ap€AL as€As

— II P (Xe, > un) J] P(Xa, <un)

ap€A1 as€EAs
+ > P ) X >uwdn () (X, <)
(19) (B1,B2) bpEB1 bs€Ba

= I P(Xe, >un) J[ P (X, <un)

b,eB1 bs€B2
+9 > JI P(Xb, >un) J] P (X, <un)
(Bl,BQ) bpEB) bs€B3
- > I P(Xe, >un) J] P(Xa, <un)
(Al,Ag) ap€A1 as€A2
=: D1 + Dy + Ds.

By (10) and the fact that k, — 1 — 1/14:571 + 1/k‘£ >0 for any n > 1, we
obtain

(20) > Ir(t)] < oo
t=1
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It follows from (20) and (7) that there exist positive numbers §, v, ng, such
that:

(21) sup|r(t)| =0 < 1,
t>1
(22) RS —1/k <2/ (14+0) -1 -2y

for all n > ng, if g fulfils (9), (10). Let ¢ (n) denote the largest integer, such
that

(23) c(n) [nl/kg] +1<n.

Thus, we can divide the sequence X1, ..., X, into the following ¢ (n) + 1

blocks:
<X1’”"X[n1/kg:|> s <X[n1/k£]+l’.”’XZ[nl/kg]> yooey

(Xc(n) 2w 47" X") ’

Since X7i,...,X, is a standard normal sequence and (21), (23) hold,
then, by applying Theorem 4.2.1 in Leadbetter et al. [3] (the so-called Nor-
mal Comparison Lemma), and by using the previously described division of
{X1,..., Xn}, as well as the definitions of Dy in (19) and >_ 4, 4,y in (17),
we have

(24) D <

(d+1) [nl/kﬁ] (d+2) |:n1/k7€:|

c(n)—2 2
<leim ) ) |r<j—z'>rexp<—1‘f:5)
=0 i:d[nl/kﬁ]ﬂ j=itl
c(n)[nl/kg]

+C1(n) > i Ir(G =)l exp <_1qua)

i=(e(m)—1)[n1/42] 41 I

n—1

OSSN SR Gy

i=c(n) [nl/kg] +1 Jj=i+1

+ e S rG-olew (-5 1

i=d[nl/0] 41 j=(d+2) [n1/50 ] 41
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where Cy (n), Cy (n) satisfy:

25 O (n):kfd”l/kﬂ) +k”_1([”1;kﬂ>< /4] )

o\ £ kp — 11
kn—1 1/1%6} _9 [ l/kﬁ}
n n n
0 aw-3 (N )
e ewm=3 (U )
Due to the derivation in (24), we have
2 |nt/kh |1
1/k8 up
Dy < (c(n) +1)C; (n) [n } > Ir®lexp (—1
27 t=1 "
(27) o ,
] uz
e -DCm [ 3 rolew (-

t= [nl/’fg]ﬂ
Notice that, by the definition of ¢ (n) in (23),
(28) (c(m)+1) [n5] <.
Consequently, due to (27), (28),
z{nl/kﬂ -1

Dy < nCi (n) Z |r(t)| exp (— 1?5)
(29) =1

+nC;y (n) § Ir(£)] exp (- tn >

146
t= [nl/kfﬁl] +1

In addition, it follows from (25), (26) that:

En—1 _
(30) C1 (n) < kn (nl/kﬁ’) N
(31) Cy (n) < kpnkn=t,
Relations (30), (31) together with derivation (29) imply
2 nl/kg —1
- 2
Dy < kRS () exp <_1Z—L:5>
2 t=1
(32) 2
n

kn _u
+ knn > r(t)yexp< 1+5>'

t= [nl/kg] +1

).
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Recall that, by (10) and (20) (see the reasoning above (20)),
n—1

(33) Z Ir(t)] < ! and Z Ir(t)| < 0.
t=1

‘ nkn—1—1/k; " +1/kD
t= [nl/kn} +1

The relations in (32), (33) yield

B-1_1 8 u?
(34) Dy < kyn! Tk "=k oxpy (— . —:5) .

Since

(%)
exp | ——=
1= @ (uy) ~ V2T 2

Un,
and, by (11), (12), kn ~ n (1= @ (un)), we get u, ~ (2log (n/k,))"/* and

up K, 1/2
exp (= | ~ \/271'? (2log (n/ky))™"*.
Hence
up (k) 19 1/(145)

From (34), (35), we get

(kn)1+2/(1+5) (lOg (n/kn))l/(1+§)
n2/(14+8)—1-1/k ' +1/kf

D«

Furthermore, notice that log (n/k,) < logn and, by (8), k, < n¢ for any
€ > 0. Therefore
) 142/(146) (1 7)1/ (146)

fi .
n2/(1+8)—1-1/kp " +1/kf) or any € >0

Since in addition, (22) holds, we have 2/ (1 +6) — 1 — 1/kS ' +1/k5 > 2
for any n > ng and some v > 0. As € in (36) may be arbitrary positive
number, we can choose € satisfying the relation € (1 +2/ (1 +§)) <. Then

(n6)1+2/(1+5) (log n)l/(1+5) <n’,
and we can write that
nY
(37) Dy« 3y = 1/n7  for some y > 0.

In order to estimate the component Dy in (19), it is sufficient to apply
identical methods to those used in the estimation of D;i. Therefore, we
obtain that

(38) Dy < 1/n7  for some v > 0.
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Thus, it remains to bound the term Ds in (19). Let Xi,...,X, be an

i.i.d. standard normal sequence. We denote by Mé’“” the k,th largest
maximum of X1,..., X, and by M,(,f ’h) the k,th largest maximum among
Xm+1,---,Xn. By the notations in (17), (18) and the definition of the

component Dj in (19)
(39) Dy =P (W05 <un) = P (W) <) < P (510 £ 5705

As m <n/k, — 1 and k, < n¢ for any € > 0, it follows from Lemma 1 in
Stadtmueller [4] that

P (Mgm £ Mr(,ﬁg)) < k) (n— ky).
Thus, due to (39),
(40) D3 < kym/ (n—ky).
Relations (19), (37), (38) and (40) imply the desired result in (15). O

Lemma 2. Under the assumptions of Theorem 1, we have that if m, n
satisfy m < n/k, — 1, then

(41) ‘C’ov (1 (M) <) o1 (M) < un)>‘ <L
for some v > 0.

Proof. Let Xq,Xo,... be a standardized stationary Gaussian sequence,
{kn}, {r (t)}, {un} satisfy (7)—(12), respectively, and m < n/k, — 1. Clearly
m,

(42) ‘COU (I (Méfm) < um) 1 (M o < u”))‘

- ‘P(M,(fm) <ty M) <) = P(ME) <) (M) < )]

m,

For the given m, n, we set

w oY - >

(A1,A2,B1,B3) (A1,A2,B1,B):
AIUA2:{17“"m}7 #Algkm_17 A2:{17"~7m}\A17
BluBQ:{erl,...,n}, #B1<kn,—1, Bg:{erl,...,n}\Bl

Since

P(Mf,i“”) < um) = P (at most ky, — 1 of Xq,..., X, exceed )

P<M(k") < un) = P (at most k, — 1 of X;p41,..., X, exceed uy,),
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then, by relation (42) and the notation in (43), we can write that

m,n

< ) F(ALA2,By,By),
(A1,A2,B1,B2)

L s (n <))

where

F (A1, A, B1, Bo)

P( [({Xap>tum N (Y Xy St} [ X, >un k0 ﬂ{szgun})

apEAl as€A2 bPEBl bs€B2
_ p< [({Xa,>um}N ﬂ{Xasgum}> P< (X, >un}n ﬂ{szgun}> ‘
ap€A1 as€A2 prBl bs€Bo

By (7) and (10) (see the reasoning above (20)), |r(t)] — 0 as t — co. Hence,
there exist positive numbers 4, v, ni, such that:

(45) sup r ()l =6 <1,
(46) RS —1/kP <1/ (140) —1/2—~

for all n > nq, if B fulfils (9), (10).
Let ¢ (m) denote the largest integer, such that

c(m) [ml/kﬁ} +1<m.

Thus, we can divide the sequence X1, ..., X;n, Xj+1, - .., Xy, into the blocks:

(X17,X|:m1/k§n:|> 3 (X[ml/k’gz]+1"”7X2|:m1/krﬁn]> PRI
<Xc(m)[m1/kgb]+l’ PN ,Xm) ) (Xerh. .. ’Xer[nl/kg]) )

(s )

By using such a division, as well as Theorem 4.2.1 in Leadbetter et al. [3],

the relation in (44) and the definition of > in (43), we obtain
(A1,A2,B1,B2)
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(47) ‘COU (I <M7(7’ILCM) < um) 1 (M(kn) = un>>‘

e s

¢ - il (—2n )
< 1(m,n)dzzo > >, IrG=dlexp 2(1+0)

i=d [ml/k?n] +1 j=m+1

m— [nl/kg]
m 2

+Cmn) Y S G- i)exp (-5‘?&?3)

i=c(m) [ml/kfn] +1 j=m+l

e(m)—1 (d+1) [myk?@n} n

u2, + u?
+<¢ Cy(m,n) Z Z Z [ (G — )] exp <_2T(nl+53b>

d=0 i:d[ml/kgl]_;,_l j=m+ {nl/kg]_i_l

m n

U2 U2
FOmm) Y > G- alew (-5t b

i=c(m) [ml/kgt] +1j=m+ [nl/kﬁ] +1

where C} (m,n), Ca (m,n) satisfy:

(48) C1 (mm) = kmf kfdml/kﬂ) ([“1/’“5})’

=0 [y=0 h 2

Em—1 kn—1 1/k5, I IS 7
(49) Co(mon) = 3 Z([m b(“ m=[n b

h=0 Iy=0 h 2

It follows from the derivation in (47) that

‘C’ov (I (M,(,ffm) < um) i <M7(7{“’;1) < un>)‘
m+ [nl/kﬁ}—l

(50) < (cm)+1)Ci(m,n) [ml/kf;] SR <_ > n)

t=1

n—1 u2 u2
*(e(m) +1) Gz (m,n) [ml/k&] o Ir(®)lexp <_2Tl++ 5) .
t= [nl/kg]_H
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In addition, by the definition of ¢ (m) (see the relation below (46)),
(51) (c(m)+1) [ml/ké’i} <L m.
Relations (50), (51) yield

‘Cov (I (ngfm) < um> i (M(k") < un)>‘

m,n —
m+ {nl/k§:| -1

u,Qn —I—u%
(52 < mCy (m,n) ; Ir(®)l exp <_2(1+6))

n—1

U2 'LL2
+mCy (myn) > |T(t)|exp(—2?1—:(;;>.
t:[nl/kg]—&-l

Moreover, observe that, due to (48), (49):

C1 (m,n) < kmkn (ml/kfn)km_l (nl/k§>kn_1

(53) B—-1 B B—1 B
:kmknml/km —1/kmn1/l~cn —1/l<:n7

km—1 -
(54) Cy(m,n) < kpky (mlMgL) pkn—l = kmk‘nml/kfﬂ 1_1/kfﬂnkn_1.
Relations (53), (54) together with derivation (52) imply
(55) ‘Cov (I (M},’;M < um) I (M(k”) < unm

m,n
m+ [nl/kg} -1

2 2
R Tt ) SN ) Y W ¥ Uy, + Uy
<L kmkpm n t; |r(t)| exp 2(1+0)

n—1 2 2
1H1/kE 1 kS, k1 U + Uy,
+ kmknm n g . |r(t)| exp 51590,
t:[nl/kn]Jrl

By assumption (10) and relation (20) (see the reasoning above (20))
n—1

1 o0
g Ir(t)] < ISRy YT, and E [r(t)] < 0.
t:[nl/kg]—&—l t=1

This and (55) yield
‘Cov (I (Mffm) < um> i (M,Sf”ﬁ) < un)>‘

2 2
< kmkn"n1+1/k£1_171/1{7&77,1/165_171/]Cg exp <_um+u”> .
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Moreover, it follows from (35) that

o _u%@—ku?@
AT 10
(km)l/(1+5)

m1/(1+9)

(57)

(log (m/ k) /2(1+) (k) ¥/ 150

o (log (/) 207,

<

As in addition, the sequence {k,} is nondecreasing, we have k,, < k. This,
relation (57) and the fact that

(IOg (m/km))1/2(1+5) (log (n/kn))l/2(1+5) < (].Og m)1/2(1+5) (lOg n)1/2(1+5)
< (logn)"/0+?

yield

Cu w2\ (k)Y (logn) /U
P T 50)) S w1010

Relations (56), (58) imply
‘COU (I (Mr(fm) < um) i (Mr(;ffﬁ) < un>>‘

A1k =17k, —1/(146)

(58)

(kn)2+2/(1+5) (log n)l/(1+5)

nl/(1+8)~1/k " +1/ky,
(59) () 272/ 040 (1og 1) 1/ (140)
n2/(L+8)—1—1/kf ' +1/kh—1/kby " +1/kp,
(kn)2+2/(1+5) (log n)l/(1+5)

- nl/(148)=1/2—1/kp " +1/kp+1/(148)—1/2—1/kn, "+1/kp,

Notice that, by (46), we obtain
(60) 1/(1+8)—1/2—1/kP 4 1/kB 41/ (1 +8)—1/2—1/k27 4 1/KE > 2y
for all m, n > n; and some v > 0.
Due to (59) and (60) and the fact that, by assumption (8), k, < n¢ for
any € > 0, we have
’Cov (r (8 <) 1 (27 < un))‘
(k,n)2+2/(1+6) (log n)l/(l—l-&)

(61) < e
- (n€)2+2/(049) (1og )1/ (149)
n2v

for some v > 0 and any € > 0. As e in (61) may be arbitrary positive
number, we can choose € satisfying the relation € (2 42/ (1 +§)) < . Then
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(n)>t2/ 149 (1og n) Y1+ « 7 and

n’ 1
oo (1 0 <) 1 310 <)) < 2=
for some v > 0, which is the result in (41), we wished to prove. O

The following property will be also needed in our further considerations.

Lemma 3. Under the assumptions of Theorem 1, we have

(62) lim P (Mg’fﬂ < un) = (1),

n—oo

where T satisfies (12).

Proof. The relation in (62) follows immediately from Theorem 4.2.1 (the
Normal Comparison Lemma) and Theorem 2.5.2 in Leadbetter et al. [3]. O

4. Proofs of main results. In this section, we give the proofs of Theo-
rems 1, 2. As we mentioned earlier, the results stated in Lemmas 1-3 are
important ingredients of these proofs.

Proof of Theorem 1 (i). First, we will show that

69 ot {1 () <) = (4 <)} 0 s
n=1

By Lemma 3.1 in Csaki and Gonchigdanzan [1], in order to prove (63), it is
sufficient to show that the following property occurs for some € > 0

N
1
(64) Var <ZnI (Mflk”) < un>> < (log N)? (loglog N)~(+2)

n=1
We have
o (41 (48 2 0)) < S e (1 (34 <)
— n=1
(65) 4 22 pra Cov (I (Méfm < um) v (M(k") < Un))’

It is clear that

(66) Zl < Z% < 0.
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Our purpose now is to estimate ) , in (65). Observe that
‘C’ov (I <M7Sfm) < um) i (M,(Lk") < un>>‘

< E ’I (M}L"?") < un) -

~

+ ‘COU (I (Mf,’fm) < U,

Thus, by (67) and Lemmas 1, 2, we have that if m, n satisfy m < k:ﬁ -1,
n
then

Cou (1 () < ) 1 (M8 < )| -4 2

for some v > 0. Consequently

11 1 k,m 1
ZQ<< Z %H—i_ Z %nikn—i_ Z mn

(67) 1<m<n<N, 1<m<n<N, 1<m<n<N,
m<n/kn,—1 m<n/kn—1 m>n/kp—1
= G1+ G2+ G3.
Notice that
N—-1 N N-1
1 1 1 1 1 1
(68) CGi< D =3 3 o< ;me < o0.
1<m<n<N m=1 n=m+1 m=1

In order to estimate G2 in (67), observe that

G K Z Z n(nk < Z (n/ky —1)(11]{]%)

1<n<N 1<m<n/kn—1 1<n<N
(69) N
< — .
Zn < log N
n=1
Thus, it remains to estimate component G3. From its definition in (67), we
get

Gs < Z Z —<< Z log

1 -
| < > ogn/k —

1<n<N m= [n/kn 1<n <N 1<n <N
Therefore
(70) Gs < Z Liog
1<n<N

It follows from (8) that, there exists constant ng, such that k, < n/2 for all
n > ng. Hence, for any n > ny,

k k
log n <log M log 2k,
n— n—mn/2

n
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and

nky,

(71) log

log k,,.
— < log

Relations (70), (71) together with assumption (8) imply
AN N
2 — log ky, — (logn)'~* < (log N)**
(72) G3<<nZ::1n og <<;n(0gn) < (log N)

for some a > 0. Due to (67)-(69) and (72)

(73) 22 < (logN)*
for some o > 0. It follows from (65), (66) and (73) that

N
1 (kn) ) 2—a
Var (;nl (Mn < uy ) < (log N)
for some a > 0. Thus, (64) holds for any € > 0.

Consequently, by the already mentioned Lemma 3.1 in Csaki and
Gonchigdanzan [1], condition (63) is also satisfied. In turn, as (63) holds,
then Lemma 3 and the regularity property of logarithmic means imply (1).
Thus, statement (i) of our assertion has been proved. O

Proof of Theorem 1 (ii). Let x be arbitrary real number. It is easy to
check that, provided {a,}, {b,} are such as in (2), then, under the assump-
tions of our theorem,

lim P (an (Mék") - bn> < x) = (x)

n—oo
(see also the remark on p. 416 in Stadtmueller [4]). This and Theorem 2.5.2
in Leadbetter et al. [3] imply that assumptions (11), (12) are satisfied with:
Up = X /an~+by, T = x. It is easily seen now that statement (ii) of Theorem 1
is a special case of its, the earlier proved, statement (i). ]

Remark. Suppose that k,, = [(logn)] for some 0 < ¢ < 1, and the number
8 > 1 satisfies the condition ¢ < 1. Let in addition, X7, Xs,... be a sta-
tionary zero mean Gaussian sequence with unit variance and the covariance
function 7 (t) = e~ for some A > 0. Then, the assumptions (7)-(10) of
Theorem 1 are fulfilled and the property in (3) holds with {ay}, {b,} given

by (2).
We now prove our second main result.
Proof of Theorem 2 (i). Let k denote a fixed positive integer, M stand

for the kth largest maximum of Xy, ..., X,. By applying assumption (13)
on the covariance function r (t) = Cov (X1, X14+) and assumption (14) on
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the sequence {u,}, and by using similar methods to that applied in the
proofs of Lemmas 1, 2, we can show that if m < n/k — 1, then:

B (M <) =1 (M, < un) Ly m

<<7+7 for some v > 0,
c () k) 1
‘ ov (I (Mm < um> i (van < un))‘ < e for some v > 0.

n—k

This and the relation in (67), applied for k,, = k, yield

T oo (n (2 <o) (19 <)) 2

for some v > 0, provided m < n/k — 1. Suppose that {XZ} is an i.i.d.
k)

standard normal sequence and M,(L denotes the kth largest maximum of
X1,...,Xpn. It follows from Theorem 2.2.1 in Leadbetter et al. [3] that,
under the assumptions of our theorem,

k-1
- 70 A
(75) lim P (Mn < un> S T; .

n—oo

where 7 satisfies (14). By using similar methods to those applied in the
estimation of Dj in the proof of Lemma 1, it is easy to check that

(76) ‘P (Mg’@ < un> _p (M,gk) < un) < %
n
for some v > 0. Relations (75) and (76) imply
el
; (k) « — T L
() Jm P (M <) =3

provided 7 fulfils (14). Thus, in view of the already mentioned Lemma 3.1
in Csaki and Gonchigdanzan [1], in order to prove (4), it is enough to show
that

N

1
(78)  Var (an (M,g’“) < un>> < (log N)? (log log N)~(1+)
n==k

for some € > 0. We have

(79) Var (iif (M < un)) <> Y

n=

where ) 4, >, are defined as ) ;, >, in (65), but for the case, when k,, = k.
Obviously

(80) ZS < 0.
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In addition, by (74),

1 1 1 km 1
DI Dl et R Dy D Dl

(81) k<m<n<N, k<m<n<N, k<m<n<N,
m<n/k—1 m<n/k—1 m>n/k—1
= Hi + Hy + Hs.

By proceeding analogously as in the estimation of G1, G2 in the proof of
Theorem 1 (i), we immediately get

(82) Hy + Hy < log N.
Furthermore, it is easily seen from the definition of H3 in (81) that

N
1
(83) H; < ZE < log N.
n==k

Thus, due to (81)—(83),

(84) 24 < log N.
By (79), (80) and (84), we obtain
AN
- (k) «
Var <Zn1 (m® < un)> < log N.

Hence, the relation in (78) is satisfied. Consequently, by Lemma 3.1 in
Csaki and Gonchigdanzan [1],

S <) (10 <)) =0 s

This, (77) and the regularity property of logarithmic means yield (4), which
is statement (i) of Theorem 2. O

Proof of Theorem 2 (ii). Let = be arbitrary real number. Since (13)
holds, it follows from Theorem 4.3.3 in Leadbetter et al. [3] that, provided
{an}, {bn} are such as in (5), we have

limn(l1—®(z/a, +b,)) =e ~.

n— oo

It is easily seen now that statement (ii) of Theorem 2 is a special case of
its, the earlier proved, statement (i), with: u, = x/a, + by, 7 =¢"*. O
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